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Abstract

In this paper, we will investigate estimation and identification theories with the
goal of determining some new methods of adding robustness. We consider uncertain
estimation problems, namely ones in which the uncertainty multiplies the quantities to
be estimated. Mathematically the problem can be stated as, for system matrices and
data matrices that lie in the sets (A + 0A) and (b+ 6b) respectively, find the value of
2 that minimizes the cost ||[(A + dA)z — (b+ 9b)||. We will examine how the proposed
techniques compare with currently used methods such as Least Squares (L.S), Total
Least Squares (TLS), and Tikhonov Regularization (TR). Several results are presented
and some future directions are suggested.

1 Introduction

Every system in the real world is uncertain to one degree or another, and thus everyone who
does estimation or identification must consider the assumptions made about the system and
resulting problem. Consider, for example the simple system described by

Axr = b,
with
A 0.11765 0.12909
o —0.24957 —0.26919
b —0.074888
- 0.154728 |~

OFE-mail addresses: shiv@ece.ucsb.edu and schubert@uor.edu. The authors were partially supported by
NSE grant CCR-9734290.



MINIMUM BACKWARD ERROR MODEL 2

For this exact system the solution is given by

B 0.34
T —089]
This is a nice system with reasonable condition number, but if we round A to two decimal
places,

012 0.13
A= {—0.25 —0.27}’

we find that the new solution is

[ 1.0505
L B V1.V S I

The best thing we can say about this is that the signs of the solution are correct. This
illustrates that even innocent looking systems can exhibit bad behavior in normal situations.
What can be done? Consider the general form of the regularized solution,

2(v) — (ATA +oI) " AT, (1)
with ¥ = 10~7. This yields a solution of
o [021515
(1077) = {—0.77273 '

This is much better, but can we automate the selection of the regularization parameter? We
would like to examine the one parameter family given in equation 1 to find the one closest
to the true system, but that requires knowing the answer apriori. We must look for another
standard. Note that frequently the exact solution is not as important as the residual so we
need to take this into account. We will consider several methods for selecting the regulation
parameter in this paper. We will then end with a numerical example of performance.

2 Minmax

The minmax problem was described and solved in [2, 9]. The underlying assumption is that
the true system is the worst possible one in the entire set of all possible systems specified by
the uncertainties in the problem. The assumptions are thus clearly pessimistic. Let’s look
at the results of the model. The basic problem can be stated as

min = max  (|[(A+54)z — (b+b)|).
“ |l6A<n
l|9b]] < 1

After performing the maximization the resulting problem is

min ([| Az = b +n]lz[| + ) -
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The problem is convex so the solution is guaranteed, but involves several cases. The basic
structure of the solution can be stated as

Tminmaer = (ATA + aI)ilATb
Az — 0|
]

The majority of work for this problem revolves around finding the value of a. One thing
we can assert about a though is that it is non-negative and in general it will be strictly
positive. We note that as a result of this we can state that,

2
91

2

o] t«

2
On

lzrsll < [|#minmaz |l < lz sl

o2 +a
The result follows by taking norms of the expression for the minmax solution and doing
some algebra. The point of this is that the minmax returns an estimate that has less signal
strength (smaller norm) than the well known LS estimator. The assumptions and results
are thus clearly pessimistic.

3 Multi-Column Minmax

A special case of this problem was solved in [2], where one block column of the matrix
A is assumed known exactly. Essentially, this problem also assumes that the real system
is worse, but now we can impose column bounds, which can reflect relative certainty of
different parts in the system. The problem is still pessimistic, but contains several twists
on the non-partitioned problem. The general problem, with A partitioned into n block
columns, can be stated as

min  max 1) (A + 54)z; — (b+5b)||> .
ze|J0A < ( =1

16611 < 70

Using techniques similar to those in [2], we can simplify the problem to

min (||Aa: =Bl + > milla + m) :

i=1

This problem is a convex sum of euclidean norms. A large body of literature exists for
solving the sum of Euclidean norms problem. The problem dates back to Fermat, who
posed a. special case. Various methods have been proposed which range from a sequence of
linear least squares problems [15, 10, 6, 7, 14] to successive over-relaxation [13] to hyper-
bolic approximation procedure [8] to subgradients [11, 5]. All of these have at best linear
convergence so we recommend the quadratically convergent method proposed by Michael
Overton in [12]. Overton’s method uses an active set and considers the projected objective
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function which is locally continuously differentiable. Note that Overton’s method is similar
to [1].

All of the methods mentioned do not take advantage of the reduction in size that can be
obtained by using a secular equation as was done in the simpler non-partitioned case. We
note that the basic solution when there are p partitions can be written as

1 G -
z;, = —AT(T+) —A4;AT b

= AT avany

%

with
gl - 0
2 I
0 - bl
" 1p | AZ — b
[
and
vy = [zl ... xg]T.

We note that we can also write a secular equation for each partition, which can be solved
to find the values of ¢;. The secular equations, GG;, are given by

Gi(4)) = T FN;Fb 2)
with
r 1 -1
F = (1+ 3y —AiAiT) ,
i=1 "t

While this is a smaller problem than the original, and in most cases can be solved rapidly,
we do not have a proof of quadratic convergence of the root finder for the secular equations.
It is thus not guaranteed to be faster, but offers a potential savings.

On a different front, we would think that the size of the multi-column partitioned min-
max solution, z¢ should be smaller than the least squares solution, x ¢, since both have the
same numerator and the denominator of xy is larger. This seems reasonable particularly
given that this was true in the non-partitioned case, and in some sense the partitioned case
reflects a problem that is more known and thus less uncertain. This is not always the case
though. To demonstrate this we consider a simple problem. Consider the following A and
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b matrices with each column of A a separate partition,

1 0 01 1
1 -1 1 0
A=1g 0 01| "= o
0 0 0 10

We note that the least squares solution is given by
zrs=[1 1 0]".
Now consider the case when 13 = 2,179 = 0, and 13 = 0. The solution, xy is given by

zg=[0 5 5]°.

It is trivial to see that ||z1s|| < ||zw]|, and thus the idea is disproved. The question remains
then as to what we can say about the size of ¢ and thus where it lies. The following is not
tight in its bound but it does provide a good starting comparison to the non-partitioned
case which always has a smaller norm than the least squares,

2
o
lzell < —5llees]).

Additionally, in the non-partitioned problem we have the simple relation that the solution
# is non-zero if and only if ||A7b|| > n||b||. This is not true for the partitioned case. This is
easily seen by considering the following:

1 0 1
A= 1] Ax=1|[1] =10
0 0 1

It is readily apparent that ATb — O and thus from the original problem we should have
x5 = 0 for all 3. Now consider n; =1y = i and we find that

2
R .
! Vi1
3
gy = —— 1.

V11

Our intuition from the non-partitioned case suggests that x9 = 0, but this does not hold
because of the column interaction. The partitioned and non-partitioned cases are funda-
mentally different.

So what do we have? First, we have a quadratically convergent method for finding the
solution, as provided by Overton’s method. Second, we have a region which contains the
solution. Third, we have the form of solution and a secular equation for each partition.
Fourth, we can see that the solution is surprisingly different from the non-partitioned case,
and so applying results from one case to the other is inherently dangerous.
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4 Bounded Errors-in-Variables

This problem has a degenerate (multiple solution) case and a non-degenerate case. The
non-degenerate case was solved in [3], while the degenerate case was solved in [4]. The
problem assumes the underlying problem is the best possible, similar to TLS but with a
bound on how far the A and b matrices can be projected. This is the first optimistic problem
we consider, and it can be stated as

min  min  ([(A+5A4)z — (b+b)|).
“ |l6Al <n
l|9b]] < 7

Additionally this problem is not convex. In [3], it was proven that the necessary and sufficient
conditions for non-degeneracy are

1. n <oy,
2. b1 — A(ATA—n?I) b >0.
The problem can be reduced to
min (|| Az = b = lla]).

Note that in the degenerate case the additional constraint of selecting the  with minimum
norm is imposed in [4] to get a unique solution. The general form of the solution for the
non-degenerate case is

r=(ATA—al)1ATh
with

Ax —b
A=)
[

The value of « is determined by a secular equation. Note that the solution in the non-
degenerate case always does de-regulation. On the other hand the solution in the degenerate
case is

r = (ATA + aI)’lATb
with

2
n

max(—oZ, —n?) < a <noy.

The particular value of « is given by a secular equation. Here we can see that if o > 0 then
the degenerate case will do regulation, so the degenerate case can either de-regularize (be
optimistic) or regularize (be pessimistic). It is also interesting to note that the degenerate
bounded errors-in-variables and the minmix models can sometimes give the same solution.
In this case the solution has the best features of both methods.
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5 Backward Error

The final problem we will consider is the backward error model. This model contains both
optimistic and pessimistic assumptions, and is non-convex. This problem is taken up in a
paper to be submitted shortly for publication. The problem is given by the expression

, (A +5A)z — b
min max .
z |sAl<q ||Allllz]| + |5

The maximization can be performed without difficulty to obtain

Az — b + ||
min .
= ([l ]l + [le]

Due to the difficulty of the problem, we pose instead an intermediate problem that demon-
strates some interesting qualities of the original.

Ar—b
Az = bl el

@ 1Al
Note that the solution to this problem is identical to

i 1Az =0l
z || Al

The solution is found by taking the derivative and setting equal to zero. The resulting
solution form is denoted SBE for simplified backward error and is given by

—1
TSBE — (ATA—’)/SBE]) ATb
with

| Azs g — b2

SBE —
i s sl

The particular value of vgpg is determined by the root of a secular equation in the interval,
0 < vgpr < 02. We can see that these problems de-regularize, and so contain optimistic
assumptions. We can even tighten up the interval to show that

2 2
Un«\»l S ~ S Ons

where 0,17 is the TLS parameter. Thus the simpler problem is more optimistic than TLS!
One repercussion of the lack of the norm of b in the denominator of the cost is that it
is possible for one element of the solution of the simple problem to become infinite in a
particular case. The full backward error problem is thus more desirable. Generally, the
smaller the regression parameter, the better the result. In most cases the full backward
error produces the smallest regression parameter, and thus tends to give the best solution.
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6 Numerical Example

We have discussed several different problem formulations that can be used in estimation.
We now want to get a feel for how these problems operate on a simple example. Consider
for example a simple one dimensional “skyline” image that has been blurred. A “skyline”
image is a one dimensional image that looks like a city skyline when graphed, and thus is
the most basic image processing example. “Skyline” images involve sharp corners, and it
is of key importance to accurately locate these corner transitions. Blurring occurs often in
images. For example atmospheric conditions, dust, or imperfections in the optics can cause
a blurred image. Blurring is usually modeled as a gaussian blur, which is a great smoothing
filter. The gaussian blur causes greater distortion on the corners, which is exactly where we
do not want it. The component of a gaussian blur with standard deviation, &, in position,
(4,4), is given by

If we go on the presumption that we do not know the exact blur that was applied (the
standard deviation, & unknown) we cannot expect to get the exact image back. While we
realize that we will not be able to perfectly extract the original system, we want to see if we
can get a little more information than we have now. We “know” the blur is small compared
to the information so we are confident that we should be able to get something. The least
squares solution fails completely, yielding a result that is about three orders of magnitude
off, see Figure 1. We notice that the TLS solution is better than the LS solution, but still
not acceptable. The ridge regression solution works well due to its increased robustness.
The minmax performs well given its robustness. We see that the bounded errors-in-variables
solution also exhibits robustness as this is one of the cases where the problem is degenerate
and it can either regularize or de-regularize. In this case the solution is regularized due to
the relatively large uncertainty. Most interestingly note that the backward error solution
performs the best of all. It does an excellent job of finding the corners without sacrificing
the edges.
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