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Classical Numerical Techniques



Chapter 1

Preliminaries

1.1 Taylor Polynomials

We want an easier way of calculating a difficult function, f(z). To this end we want to find
a function that is similar to our original that we can calculate. Taylor polynomials, p, (z)*,
are one such type of functions with an easy calculation and intuition. To find the Taylor
polynomials we match the derivatives of the two polynomials at a particular point. We are
in essence enforcing a smoothness criterion at the point of interest, say x = a.

ppla) = f
Ppla) = f"(a)

p(a) = f"(a)

Thus the general expression for the Taylor series is

pa(r) = fla)+(@—a)f'(a) + = f"(a) + ...+ ———f"(a)

Example

1The subscript n tells the highest power of the polynomial, i.e. z™.

2



1.1. TAYLOR POLYNOMIALS

Figure 1.1: Taylor polynomial and /1 + x

Problem 1.1-3(c)

f@) = Vit

f0) = VIF0=1
1O = =g
7o) = ﬁ—{
O =
F®0) = (—1)k’;£2k—3)

Example
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Problem 1.1-8

log(1+ =«
flay = et
x
n —1)k-1
~ k:l( I)c o
x
_ i(_l)k_lxk—1
k=1
f0) =~ 1

1.2 Remainder

The Taylor Series obviously has errors in its approximation. If the original function is in
Cp41 on the interval o < x < @ (with @ in the interval) then the remainder (or error) is

given by

n+1
_ (x —a) f(n+1)(cx)
(n+1)!
with ¢, between a and z. To get an error bound we assume that c, is the worst possible.
Example
Problem 1.2-3(a) In this case n = 1 so the worst case would be if cos(c,) = —1 were —1.
2241 23 3
Rp(2) = o = — < 75 <0.081
)= 5mFni~ 6 S 3
Example

Prove problem 8.

1.3 Evaluating Polynomials
Consider the polynomial

-1
y=apx" +an_12" " +...+a1x+ ag

1.3.1 Straightforward

The obvious way is to calculate each term separately,
k_
apT” = ap *TH*T k.. kT

This takes & multiplications for a monomial of size k, so for a polynomial with monomials

up to size n it would take % multiplications.
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1.3.2 Storing

Calculate 22 = = *x x, 3 = = x 22, etc. This takes 2n — 1 multiplications. This is much
better that the straightforward way. We can even do this without having to store each
intermediate result by using a temporary variable. Still it is not the best.

1.3.3 Nesting

Rewrite the polynomial as

-1
Yy = apx” +an12" + ...+ a1z + ag

((...(((an)x + an—1)x + ap—2)...)x + a1)x + aop.

This can be done as

b, = ap
bp—1 = bpr+apn—1
bn—Z = bp_1T + an_2
b1 = bg(l? + a1
b() = ble + ap

Each step takes 1 multiply so this method takes only n multiplications. The real savings
come when you have to calculate a large polynomial many times. Another interesting thing
is this is a more accurate method, see Fig 1.2, where the dark blue line is the nested
multiplication method. Note on the right side both methods are equally good (or bad in my
opinion), but on the right the nested multiplication technique shows marked improvement
in accuracy. Not bad for less work.

1.4 Binary

In any number system, the position of a digit relative to the decimal place specifies the
integer power of the base we must multiple the digit by to get its value. We specify what
base we are using by a subscript, if no subscript appears then the base is obvious(usually
base 10, though sometimes it will be base 2 if we are calculating in base 2 for that section).
So for base 10

10130 =1 x 102 +0 x 10* +1 x 10°,
and for base 2

101 =1x 2240 x 2" +1 x 2° = 5.
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1.00001

SE-18

—+— Nested Multiplication —s— Direct E xpansion

Figure 1.2: Close-up Look at Resulting Values of Two Evaluation Methods for y = 2% —
322 +3x —1

This gives us one way to convert numbers. For instance, we can convert binary to decimal
by expanding the binary number in this way. Thus using the above to convert binary (10.01)
to decimal we find,

Note that the “2” we are using is the base of binary in decimal form, and this is why we
went from binary to decimal. In binary, its form would be “10” and ten would be “1010”.
Therefore, we could go to binary by, expanding this out with ten in binary. The problem
with this method is it is clumsy to use since we do not do squaring, cubing, etc. easily in
base 2. Another problem is that 0.1 is an infinitely repeating decimal in binary so it is a
pain to deal with 10-1! Instead, we convert decimal to binary as follows.

1. Split your number into a.b
2. For the whole number part, a

(a) Divide 2 into a and note the quotient and remainder as ql,rl (a=2*ql+rl)

b) As long as the quotient from above is not zero, divide it by 2 and record the
g
quotient and remainder as qi,ri (with i denoting the current step). Repeat.

(¢) The binary equivalent of a is rnrn-1...r2rl. Basically we have done our nested
polynomial evaluation backwards with x=2, and the coefficients being the re-
mainders.

3. For the fractional part (b)

(a) Multiply 2*b, and record the unit value as al. Denote b-al=Dbl.
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(b) If bi does not equal zero, multiply it by 2, denoting the units digit by ai+1 and
the difference bi-ai+1=bi+1. Repeat until the difference is zero (this may never
happen so be looking for patterns to get repeating fractions).

Table 1.1: Binary, Decimal, and Hexadecimal Equivalents

Bin Hex Dec | Bin Hex Dec
0000 O 0 1000 8 8
0001 1 1 1001 9 9
0010 2 2 1010 A 10
0011 3 3 1011 B 11
0100 4 4 1100 C 12
0101 5 5 1101 D 13
0110 6 6 1110 E 14
o111 7 7 1111 F 15

(¢) The fractional part, b, is ala2a3a4...

4. The full answer is thus rnrn-1...r2r1.ala2a3a4...

1.5 Hexadecimal

This is often made to sound more intimidating than it is. Hexadecimal numbers are simply
base 16, but this can be handled nicely since 2* = 16. All you have to do is group binary

digits into groups of 4 and use the conversion table

1.6 Fixed Point Numbers

Example:

Convert 7 to binary and hexadecimal. Assume you have four bits before the radix point
and 8 bits after the radix point.

Sol:

before the decimal we have 3 = 0011

after the decimal
0.1415926. ..

0.2831852
0.5663704
1.1327408
0.2654816
0.5309632
1.0619264
0.1238528
0.2477056

oSO, OO, OO
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combining gives 0011.00100100
To convert to hexadecimal we group the digits together in groups of four starting at
the radix point, thus we are forcing the hexadecimal digits to represent either integer or
fractional portions.
0011 | 0010 | 0100
3 2 4
Thus the answer is 023.24.

Example:
Convert 25.6875 to binary.
25| /2 . *2 | 6875
12 |1 1] .375
610 01.75
310 1].5
111 110
01
11001.1011

1.7 Floating point numbers

While the book discusses single precision numbers, they are essentially never used, as double
precision is so much better and readily available. We will assume IEEE double precision
floating point representation, as it is the standard. IEEE floating point numbers have the
form

(—1)%2E (bg.b_1b_o...b1_,),

where
s € {0,1}
s € {0,1}
bo = 1 (implicitly)
b_;, € {0,1}vje{1,2,...p—1}
Precision
Single Double
P 24 53

Ennin -126 -1022
Erax 127 1023
Bias 127 1023
Thus IEEE is represented in memory as a sign bit, exponent bits (8 or 11), and mantissa
bits (23 or 52). The mantissa is composed of all the b_;. A few things to note about IEEE
arithmetic.
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1. The exponent stored is £ = e — Bias
2. 40 is encoded by E,; — 1 and f =0

. Denormalized numbers are encoded by E,,;, — 1 and f # 0

B~ W

. Foo is encoded by E,q +1and f =0
5. NAN is encoded by E,,q, +1 and f #0

1.7.1 Approximating the Reals

To approximate the real number x, we define the function fl(x) as, 0 when x=0, and the
nearest element in floating point to x otherwise. Finding nearest elements requires a round-
ing scheme (rounding or “chopping” /truncating) and a tie breaker procedure (usually round
away from zero).

1.7.2 Bounding Errors

To bound the error in approximating the real number z, we need to consider the floating
point number, fi(z), used to approximate x. First we note that a real number x, is written
in binary as

:C:o"f?“'Qev

where o is the sign, f,. has as many digits as needed, and e is any integer. Note that e
will be different for IEEE, which normalizes to 1 < f,. < 2 with an implicit 1 at the start;
than the non-standard forms, which normalize to 0.5 < f, < 1 with no assumed leading
1. We will assume that e is within the permitted bounds for simplicity. The floating-point
representation is

fllx)=0-f-2°
We can now write the difference as

v fllx) =0 (f,— f)-2".

For the moment, we will consider the difference f,. — f. Note that we are dealing with
normalized numbers with n bits of accuracy and an implicit leading 1 (IEEE arithmetic),
while the book deals with numbers normalized between a half and one, with no implicit 1,
so for us

fr = 1018 28-3...081-0nBn-..
fr = 1.p_1B-2B-3...01-n.

Note that the digit to the left of the decimal in f is assumed to be 1, the only exception is
when f, = 1.1111... which would have f = 10.000...02. Technically it would actually have

2We are forcing the exponent to be the same, otherwise it would always be true for non-zero numbers



10 CHAPTER 1. PRELIMINARIES

f=1.000...0 and the exponent would be (e+1) but since we are keeping the exponent e we
keep the simplification. Note that this is equivalent to rounding 9.5 to 10. Anyway, our real
concern is the worst case of the difference, which is in all cases given by

fr— f=+0.000...01.

Note that the 1 is in the n'h place after the decimal®. We rewrite this using floating point
notation as . We now stick this back into the expression for the difference between x and
fi(x) and obtain an upper bound by taking absolute value . Similarly to get a lower bound
we take the negative of the absolute value, and find

Now we note that the size of x is . For the book’s form of the mantissa, we would have
. The relative error is thus .
1.8 Floating Point Dangers

I came up with the following program in my doctoral work at UCSB.

#include <iostream>
#include <iomanip>
#include <cmath>
using namespace std;
int main(){
double pi, e, result;
int i;
e=exp(1);
pi=atan(1l)*4;
result=pi;
for(i=1;i<563;i++){

result=sqrt(result) ;

for(i=1;i<53;i++){
result=result*result;

cout << setiosflags(ios::showpoint | ios::fixed) << setprecision(16);

3Explain
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cout << "Pi
cout << "Result

" << pi << endl;
" << result << endl;

cout << "e = " << e << endl;
return 0;
}
The results are
Pi = 3.1415926535897931
Result = 2.7182818081824731
e = 2.7182818284590451

Press any key to continue

Notice that Result is e to 7 significant digits, but it should be 7. This underscores the
importance of being numerically aware when writing programs.

1.9 IEEE 754

Floating point numbers are based off scientific notation. Consider a typical number in base
10 scientific notation,

—1.23 x 10°.
The number is composed of five pieces of information,
1. sign of the number (-),
2. significant or mantissa (1.23),
3. base (10),
4. sign of the exponent (+),
5. magnitude of the exponent (3).

There are two basic number formats called out in IEEE 754, single precision (float
in ¢/c++), and double precision (double in ¢/c++). In addition there are two extended
formats, which are only used as intermediate results while calculating.

For this discussion, the notation fI(z) will be used to mean the number x as it is
represented in floating point on a computer.
( 1)5 1f % 267127
2
1

_= O
N O
w o
=~ O
() M)
o O
- o
oo O
© o

333
012

D =

111111112222222222
234567890123456789
[s | e \ f |




12

CHAPTER 1. PRELIMINARIES

Table 1.2: IEEE Single Precision Floating Point

e f Category Interpretation
1...11

11 : NaN See Codes
0...01

...11 1 0...00 +o0 Fo00

10 1.0 11

: : Numbers | (—=1)% x 1.f x 2(¢=127)

..01 ] 0...00
1...11

..00 : Denormals | (—1) x 0.f x 2(~126)
0...00

..00 | 0...00 +0 +0

Table 1.3: IEEE Floating Point NaN Codes

Dec Meaning Example
1 invalid square root V-1
2 invalid addition 00 + —00
4 invalid division 8
8 invalid multiplication 0 x oo
9 invalid modulo xmod(
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This is equivalent to saying

(=1)*-1.f x 2F
000000OOOO1TI1I1T11111112222222222333
12345678901234567890123456789012
[s | e=E+127 | f

They are the same because e — 127 = FE is the same equation as e = F + 127. I think

the latter is easier to use because you read E from the number and want e. The first form

(standard for most texts) involves you guessing what number produced what you are seeing
(rather than calculating it). It is like trying to solve y = ma + b for y given x but using the
form @ =z to do it. It works, just not well. In any case, consider some examples.

Example:
Convert 7.892 to single precision IEEE.
Step 1: Convert 7.892 to binary
7.892 = 111.1110010001011010000111
Step 2: Normalize and note sign
7.892 = (—1)°1.111110010001011010000111 x 22
Step 3: Calculate Excess 127 code for exponent
e =24 127 = 129 = 10000001
Step 4:Round 1.f to 24 digits
f1(1.111110010001011010000111) = 1.11111001000101101000100
Step 5: Assemble
]0\10000001 11111001000101101000100

Example:
Calculate 3.75 x 29.625 in IEEE-754 single precision floating point.
Convert:
3.75 =11.11 = 1.111 x 2!
29.625 = 11101.101 = 1.1101101 x 2*

Multiply Significants:
.. 1.1 0 1 1 0 1

oo

olo o~ -
el R e N e
== O
== O = =
oo = = O
Ol = O
O|l= O =

1 1.

1
0
1
1
1
1
1.10111100011 x 2!

Add exponents to normalization exponent and put in excess 127:

14+4+1+127 =133 = 10000101
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Write in single precision:

[0 ] 10000101 [ 1011 1100 0110 0000 0000 000 |

Example:

Perform the following for IEEE-754, single precision
1. Show the representation of x = 93.3125

x = 93.12519 = 1011101.001, = 1.011101001 x 26
(0]10000101]01110100100000000000000 |

2. calculate x * y for y equal to
‘0‘10000000‘00000000000000000000100‘
exponent: 128+4133-127=134

float: shortcut, note that y only has two 1’s in the expansion (hidden and near end)
and they are farther apart than the length of the significant portion of xz. This will
cause the x float to be placed starting at these locations. The comma below notes
where the last bit of precision lies.

zpp = 1.01110100100000000000101, 1101001

Note that the first bit after the comma is a 1 so the number gets rounded up.
z is

(0]10000110/01110100100000000000110

Example:
Convert 3.03125 to IEEE single precision
3 . 03125
111 0| 0625
01 0| 125
0 25
0 5
1 0
3.03125;9 = 11.000015 = 1.1000015 x 2!
1+ 127 =128

[0]10000000[10000100000000000000000]

Now perform the following on your result and

[0]10000100[00000001000000010000000 ]

1. Addition

x = 1.00000001000000015 x 2°
y = 1.1000012 x 2! = 0.00011000015 x 2°
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z+y = 1.00000001000000015 x 2° 4+ 0.00011000015 x 2°
(1.00000001000000015 + 0.00011000015) x 2°
= (1.00011001010000015) x 2°

(0]10000100[00011001010000010000000

2. Multiplication
exponent is 132 + 128 — 127 = 133
significant is 1.0000000100000001 x 1.100001 = 1.1000010110000101100001
(0]10000101]10000101100001011000010

Example:
Perform the following for IEEE-754, single precision

1. Show the representation of x = 0.8125
]O\Ol111110\10100000000000000000000

2. calculate (show steps) z x y for = from above and
y is
[1]10000001[11000000000000000000000 |
Exponent: (10000001 4+ 01111110) — 01111111 = 11111111 — 01111111 = 1000000
float= 1.101 % 1.11 = 10.11011 = 1.011011 x 2!, so add 1 to exponent
[1]10000001]J01101100000000000000000]

3. Perform the multiplication above in decimal and verify the answer.

8125 % (—7) = —5.6875 = —101.1011,

1.10 Rounding versus Chopping

Rounding is almost always used because of two reasons. To see both, let the interval
between two numbers in the representation is 26 then for rounding x — fl(x) € [—4, ), while
for chopping it is  — fl(z) € [0,26). The first problem is that the error magnitude is up
to twice as large for chopping. This is obviously bad, but it is not as bad as the second
problem. The second problem is that all the errors of chopping have the same sign, so no
error cancellation is possible when calculations are done. To see why this is bad, consider
the following.

Example:



16 CHAPTER 1. PRELIMINARIES

Find out the error in calculating Y ", z; on a computer. First note that what you
actually calculate is > | fl(x;). The error (actual minus calculated) is thus Err =
(> @) — (0, fl(zy))]. Also let fi(z;) = x; + 7; for 7; in the error interval of your
method.

n

Err = (in)—(Z(%-i—%))

i=1

n n n
= Qe = Q=+ )
i=1 i=1 i=1
n n n
= Zﬂ% *in - Z%‘
i=1 i=1 i=1
n
= Z%‘
i=1
n
< Z il
i=1

For chopping the last inequality is actually an equality, i.e. chopping always has the worst
case error. For a typical case on rounding the errors are distributed with some positive and
some negative, thus cancellation can occur. For large sums (many terms) the law of large
numbers and an assumed uniform distribution of ; indicates that the error for rounding
will go to 0! This is a great result.

1.11 Propagation of Error

We have seen that representing the real numbers on a computer involves errors. When
we use floating point numbers in a calculation rather than the actual numbers the errors
can grow. The errors caused by using floating point approximations are called propagated
errors. Two ways of bounding propagation errors exist. The forward method involves
explicitly calculating the errors and is called interval arithmetic. The backward method
involves finding a condition number, which gives a bound on how big the error can grow.

1.12 Interval Arithmetic

Let’s consider the error in a computation between the true values (xT, yT) and the approx-
imate values (xA, yA). We only know the approximate values and the error bounds

Note that the error is could be positive or negative so we must consider the positive and
negative bounds. First, we will look at the error for addition or subtraction.

Now let’s consider multiplication.



1.13. CONDITION NUMBER 17

It is easy to see that this can quickly become very hard to deal with. Consider for
instance multiplying two n-by-n matrices, which would involve n? multiplies. Keeping track
of all of them would rapidly become impossible. We will consider one final operation, namely
division.

Again we can see that things can become very complicated quickly.

1.13 Condition Number

We will now consider the problem of evaluating a function, f(x), at an approximate rather
than true value. To do this we will require our function to be continuous on [z7,x4] and
differentiable on (z7,x4). We can thus use the mean value theorem to see

We now note that since c is between the true and approximate values, and that the
interval is on the order of 10716 for IEEE double-precision arithmetic. We can thus assume
¢ is approximately x 4.

The derivative of f(x) at x4, is called the condition number and shows how the error of
the approximation will influence the error of the calculation. The condition number is nice
in that it cleanly handles the error bounds. It is not as precise as the error in the interval
arithmetic, but it is tractable even for large matrix operations, which will involve the norms
of the matrices rather than the elements. Quite a savings!

1.13.1 Sums

We have spoken a lot about summation, but we want to look at one final area of sums before
we move on. Consider the following summation:

100000 + 45 + 45 + 45 + 45 (1.1)

In real numbers it doesn’t matter if we add the 45’s first or the 100000. In floating point
numbers it does matter! Floating point numbers are not associative. To see this consider
a 4 decimal place accuracy machine that uses rounding, and is nicely implemented. In this
case we see that

100000 + 45 = 100000

so if we add as stated we find the sum is 100000 for the series (rather than 100180). If we
add the 45’s first we find that

45 4+ 45 + 45 + 45 = 180,
then
100000 + 180 = 100200.

A much better result. These sums occur in a variety of places, from standard series, to
evaluating integrals, to inner products of vector, and matrix multiplication. In short you
should be aware of the lack of the associative property.
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Example

Write C/C++ code to sum the following 211201 +4. Make sure you do it in the right
order.

double sum=0;
int i;

for(i=100;i>=0;i--){
sum+=1.0/(i*i);}

Kahan’s Compensated Summation

Listing 1.1: Kahan’s Compensated Summation
function Sum=compsum/(x)
[row, col]=size(x);
n=max(row, col );
Sum=0;
carry =0;
for i=1l:row
for j=1:col
x_corrected = x(i,j)—carry;

next_sum = Sum + x_corrected;
carry = (next_-sum — Sum) — x_corrected;
Sum=next_sum ;

end

end
endfunction
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Zero Finding

Almost every interesting problem in mathematics can be reduced to trying to find the zeros
of a function. The next several classes will be spent examining how we find zeros. In general,
you cannot explicitly solve for the zeros so you need to make iterative procedures to find
them. Today we will look at two methods: bisection and Newton’s method.

2.1 Bisection

Bisection is a nice method in that it is guaranteed to converge and you can state exactly
how many iterations it will take. The idea of the bisection method is to pick an interval
where a root is guaranteed to exist. This is done by making the sign of the function different
on the two ends of the interval.

For instance consider the function in Figure 2.1. The interval we start with is [0, 1] and
it is marked by red lines. We then calculate the midpoint (.5 marked by the light green
line) and check which of the new intervals ( [0,.5] or [.5,1]) has the zero in it (by checking
which interval has a sign change). In this case the next interval is [0,.5]. We then halve
the interval again and continue. The next several intervals marked on the plot are [.25,.5],
[.375,.5], [.4375,.5], and finally [.4375,.46875].

2.2 Newton’s Method

Newton’s Method essentially is an algebraic re-writing of the tangent line of a function at a
point. Let the function we are trying to find the zero of be denoted by f(x) and the point
be z;. We know that the slope of the tangent line has to be the same as the slope of the
graph at the point z;, thus the tangent line is y = f’(x;)x + b. We can find b by noting the
line passes through (z;, f(x;)), so

fl@i) = f(z)zi+b

19
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Figure 2.1: Several iterations of Bisection on f(x) = (z + 1)(z — .45)(z — 1.5)(x — 2)

The tangent line is thus given by y = f/(z;)(x — z;) + f(2;). We are trying to find the zeros
of the function f(x) and the tangent line approximates the function so we want to find the
point where the tangent line intercepts the x-axis.

0 = fl(z)(@wis1 —xi) + f(x;)

0 = g1 —x;+ ]{/((mxz))

Newton’s methods is thus the next estimate of the root is ;41 = x; — ;,((?)). We can see

2

this graphically in Figure 2.2. Newton’s method for f(x) = 22 is thus ;11 = x; — ;; or
xip1 = 5 The first estimate is 7o = 2, the next is x; = 1, then z2 = .5 and finally 23 = .25.
Notice that the limit is zero as desired, and we can get as close as we want by repeating the
method until z; 11 — x; < tol, where tol is some tolerance we select.

We can then use Taylor’s formula to obtain an error bound. Let « be the actual value

of the root.

€ntl = Q@ — Tpipl

N f(zn)

B < " fl(mn)>

F(@) —enf (@) + 5 17(0)
(

/ xn)

— en+
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Figure 2.2: Three iterations of Newton’s Method on f(z) =

First, ¢ is a point between « and z,. Second, since « is a root, f(a) = 0.
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f'(@n) = (@)

fla) —enf'(@)
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 f(zn

Iy,

+e

n2f’(xn)
> ()

n

f'(wn)

When z,, is close to « then f'(z,) — f'(«) = 0, so

en+1

> 170
P2 (@)
= c.

"2f(wn)

72
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When we are close to the root, the error is dropping off as a square, thus Newton’s method
has quadratic convergence.

2.3 Secant

Newton’s Method requires the knowledge of the first derivative of the function. Often the
derivative is very complicated to evaluate and will take a long (relatively anyway) time to
do so. In many cases the first derivative may not be available. In some cases it might not
even exist at all points in the interval of interest. Even when it is available it could be near
zero which would cause numerical problems in evaluating it, even if it is in the region of
convergence. For all of these regions a new method was devised, which drew on the material
leading up to calculus.

Recall that the tangent line was found as the limit of a series of secant lines. We can
say that the derivative can thus be approximated by

f(x) ~ f(xl) - f(l“z).

Tl — T2

Thus if we know two points, we can approximate the function by a straight line between
them and use the x-intercept as the next point to evaluate. We now need two points instead
of one and a derivative. We refer to this as a two-point method because of the need of
multiple points. We will need two estimates to begin our evaluation. Given two initial
guesses, xg and x1, the slope, m, is given by

_ f@1) = flzo)

1 — To

Using this we find the next point, x5 by using the point-slope form of a line

f(z1) — f(xo)

fx2) = f(a1) pra— (w2 —a1)
Ty -y = ﬁ(ﬂm — f(a1))
T2 = l”1—f(l”1) i —

f(x1) = f(wo)
We thus have the equation for the next estimate:

LTp — Tp—1

Trt = I = F @) T N T )

(2.1)

Note that you can store the previous function evaluation and then you will not need to do
two function evaluations per iteration.
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Now we want to calculate the error. To do this we will subtract eq 2.1 from a = a.

entl = O — Tpil
Tpn — Tp—-1
- (”“" Tn) ) = f(xn_o)
f(@n)xn 1 — f(Tn_1)Tn
flan) = flzn-1)
f(xn)(a — Tp_1) — f(xn—l)(a _ xn)
flan) = flzn-1)
flxn)en—1— f(xn_1)en
f(mn) - f(xnfl)
fxn)  flzn-1)
T ()~ T )
flzn)  flxn—1)
en €n—1 Tn — Tn—1
Ty —Tn—1  f(Tn) = f(Tn-1)
flan) _ flon-1)

€n €n—1 1

= €n€n_1

Q

€n€n—1 Ty — Tr1 f’(Oé)

We need to evaluate £ (egi), so we will use Taylor’s Theorem for f(z) evaluated at a. We
find that
faa) _ fl@)+(a—z)f'(@) + 5(a = 20)2f" (@) + O((a — 2)*)
€n €n
_enfl(@) + %e%f”(a) +0O(ed)
€n

= @)+ geuf"(0) +O()
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Resuming our evaluation of e, 1 we find

f'(@) + zenf"(@) + O(eq) — f'(@) — gen1f"(@) + Oef 1) 1

€n+1 R Ep€p_1 T — 21 f’(a)
L ed"(@) = dena (@) +O(E,) 1
= n€n—1 Ty — Tm_1 f’(a)
L Me— e )@ 0 1
= n€n—1 Ty — Tn_1 f/(Oé>
I o e L R C
= ntn—1 Ty — Tp_1 f/(Oé)

_ 1 1 O 2 1
= enen—l(gf (a) + (%—1))@
)

~ n n—12f.,(a)

~ epen_1M.
This is similar to Newton’s method which suggests that
€nt1 = Ae%a

which implies

Substituting and collecting terms we find

(Ae) = (en)(A™ e5 )M
A1+c_lM71 _ elfc+c_1
B _ el—c—‘,—c’1

n

Since the left hand side is a constant the exponent must be zero, because e, is a variable.
This means

0 = l—c+c!
= Z—c—1
1++v1+4
c =
2 )

or ¢ must be the golden ratio. This implies that the secant method converges superlinearly.
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2.4 Regula Falsi
2.5 Fixed Points

A fixed point is a point in the domain of a function, which maps its domain back into its
domain, that satisfies &« = C(a). Since « does not change when it is mapped by the function
it is fixed, hence the name. We need to look at what the idea that underlies fixed points:
contractions. A contraction y = C(x), is a mapping from a closed interval in X into another
closed interval in Y with the property that for some b = C(a) (usually a and b are both the
origin but it is not required), || - ||; a norm on X, and | - ||, a norm on Y we have:

[z = allz > lly = blly = IC(z) = Cla)lly

for all x € X and y € Y. Usually we have X and Y are R and a = b, which gives us that
|z — a|] > |C(x) — a|. Take the derivative of both sides and we see

1> |C'(2)].

This brings up a key point, we must have that the magnitude of the function’s slope is less
than 1. If you think about this it makes sense, as for slope magnitudes greater than one there
will be growth and we are looking a funcions which shrink things. While this is a simple idea,
it has many profound implications. The book proves nicely how the uniqueness of solution,
convergence, etc.. One thing that should be highlated has to do with rate of convergence.
Given a contraction defined on an interval [a, b] with some point, a = C(«) € [a,b] called a
fixed point, we can define the iteration 2,11 = C(z,). We then have (using the mean value
theorem)

a—Tpp1 = Cla)—Clxy,)
= C'(d)(a—n)
la —zpi1| < |a—x,]

We have linear convergence from this. Consider the following paradox.
Let a function g(z) be defined by

f(=@)
W=
and let f(z) have a single root in some interval [a,b]. From the book we know this must
have a fixed point in the interval and the iteration z,1 = g(z,) will converge to the fixed
point. This method thus has linear convergence from what we have proven above. This
iteration is Newton’s Method though, so it has Quadratic convergence. What gives? The
convergence of a fixed point algorithm is at least linear but it can be better if C'(a) = 0.
Notice that the derivative of g(x) is given by

(f'(x))? = f(2) " (@)
(f'(x))?

g(x) = 1-

f@)f"(x)

(f'(x))?
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Note that for x = a we trivially have that ¢’(«) = 0, which satisfies our requirement for
faster convergence.

How can I get a function g(z) that satisfies the requirements? Many ways exist but
consider the following. For a function f(x) with a zero at £ = « in an interval [a, b], that
has 3 = max,¢[q | f' ()], we define the iteration

Tp+1 = Tn — 'VSZgn(f/(xn))f(xn)

with 0 < v08 < 2. We then see that

g(z) = x—ysign(f'(z))f(x)
g(x) = 1—~sign(f'(x))f(z)
= 1—7f'(2)]

and thus 1 > ¢’(z) > —1. Note that if we choose v such that 0 < v5 < 1 then 1 > ¢'(x) > 0
and the sequence {z;}$2, converges to « from one side (no alternating). The parameter
is refered to as the step size. As a final note, we can use Aitken’s A? method as outlined
in the book to refine the estimate x,,. Replace a with ,, and you have a refinement and
acceleration method that will work on any linearly convergent algorithm. It can thus be
used on general fixed point methods.

Homework 4.3: 6, 13
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2.6 Continuation Methods

One of the essential problems in root finding is to find a good place to start. We have spoken
about the progressively doubling intervals till we find a sign change. I mentioned this was
not the fastest or best, but would work. I wanted to give you what I think is one of the
best. It is refered to as a continuation method or sometimes a homotopy.

A homotopy, h, is a continuous connection between two functions, f and g, that maps
one space, X, to another, Y:

h:[0,1]xX —-Y

such that h(0,z) = g(x) and h(1,z) = f(z). Two simple homotopies we will use are listed
below.

1.

h(h, ) = Af(z) + (1 = Ng(x)

h(A, )

Af(2) + (1 =) (f(z) - flao))
= f(@) = (1= f(a)

The first one is the most general. Assume we want to find the roots of f, but we know the
roots of g. By picking a sequence of A values from zero to one, we will slowly make the roots
move from the known positions of g to the unknown positions of f. We usually try to pick
g so it has the same number of roots as the function f.

The second method is a frequently used one if I don’t want to find a function g. We are
in essence biasing the original fucntion so that at «g the homotopy has a root for A = 0.
This gives a nice starting point. The following theorem tells us when this will work.

Theorem 1 (Ortega and Rheinboldt) If f : R™ — R" is continuously differentiable and
if IIf/(z)] 71| < M on R™, then for any ag € R™ there is a unique curve {a(X\): 0 < A < 1}
in R™ such that f(a(X)) — (1 = N)f(ap) =0, with 0 < X\ < 1. The function A — a(X) is a
continuously differentiable solution to the initial value problem o = —[f'(a)]~' f(a), where
a(0) = ap.

Essentially this tells us if f is smooth and the first derivative doesn’t get too close to zero
then you can use this start one of our rootfinding methods, for instance Newton’s Method.
Often this method is solved by using a numerical integration technique which we will cover
in a few weeks. For instance if Euler’s method is used then it turns out to generate Newton’s
Method in A!
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2.7 Multiple Roots

One thing that always caused us problems in all our methods is multiple roots. I will present
a simple technique for handling this case. Let our function, f, with root of multiplicity, 2,
be given by

f@) = (z — a)*fi(2),

where f1 has no root at a. Take the derivative of f(x) to obtain

fll@) = (z-a)fil2) +(z—a)*fi(z)
= (z—a)(filx) + (z - a)fi(2))
= (z—a)fa(z),

where f2(z) has no root at «. We now have a funcition with a single root at the same place
that the original function had a double root. This can be done for higher multiplicity roots,
and does not require knowing « as we are taking the derivative then finding « using one of
our techniques.

2.8 Sensitivity

This is refered to as stability of the roots in the books, but it is more closely related to
the sensitivity of a differential equation to perturbations in its coefficients. For instance,
consider a famous problem due to Wilkinson.

Problem 1 (Wilkinson) Find the roots of the polynomial f(z) given by

fl@) = (@-1)(z—2)-(z—20)
= 22— 2102 + ... 420!

The roots are clearly one through twenty. Perturb the coefficient —210 to —210 — 2723,
The change is in one coefficient only, and that in the 7" decimal place. The roots are now
1.000000000  6.000006944  10.095266145 % 0.643500904 5
2.000000000  6.999697234  11.793633881 + 1.652329728;
3.000000000  8.007267603  13.992358137 + 2.5188300705 The problem is not round-
4.000000000  8.917250249  16.730737466 £ 2.812624894 4
4.999999928  20.846908101  19.502439400 £ 1.9403303474
off. The roots of high-order coefficients can be extremely sensitive to changes in the coeffi-
cients. This is a problem particularly when the coefficients are experimentally determined.
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Interpolation

We will now look at the problem of finding a polynomial to fit a set of points. The points
could come from measurements in an experiment, or it could come from a complex function
we want to approximate. In either case we will begin by considering the case where we
want our polynomial to be exact at these values. An obvious question is why the emphasis
on polynomials, when so many other functions exist. Indeed we do see the use of other
basis (sin and cos in Fourier for example), but still polynomials hold a special place in many
applications. One major reason is the Theorem of Wiestrass from Real Analysis. It basically
says that polynomials can approximate any function (assuming you use the entire basis).

3.1 Lagrange Interpolation Basis

Probably the nicest way to visualize the interpolation polynomials is to consider the La-
grange interpolation basis functions. For the set of points, {zg,1,...,2,} define the fol-
lowing polynomial:

Hj;éi(x )

Hj;éi(xi — ;)

We note in particular that L;(x;) = d; ;, which allows us to get the interpolation polynomial
nicely. The interpolating polynomial is then given by

Pp(z) = ZyiLi(x)'

Li(z) =

The importance of the Lagrange basis giving us the Kronecker delta function cannot be
over-emphasized, as it is the essential idea in getting the solution.

Often the points are selected to be evenly spaced due to constraints in the basic system.
While this is not the best for errors, it is often a physical necessity (for example many data
samplers are constrained this way). In this case we can simplify the expression using

T — X

p=——
T1 — o

29
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This is covered well in the book.

3.2 Newton’s Divided Difference

Newton’s divided difference is a similar method to Taylor approximation but instead of
matching derivatives exactly at a point, it nearly approximates the derivative to exactly
match certain points. They are the same if the interpolation points are made to coincide.
The result is the same as Lagrange’s formula. We will start our derivation of the formula
by considering the Taylor approximation around the point xg.

k

pe(z) = wa(i)(ro)

7!
i=0
The simplest case is when k = 0, in which case we have a horizontal line through f(z).

woie) = CI o)

= %f(mo)
= f(zo)

This is very easy to convert into a one point interpolation formula, as it is already one. I
will use capitals for the divided difference formula.

Py(z) = f(zo)

Now let’s consider the case when k = 1, in which case we have a line tangent to the
curve through the point (zg, f(z0)).

0

T — X

%f(o)(:co) +

= f(=zo) + (& — w0) f (w0)

To convert this we have to consider how to discritize the derivative. The first derivative is

(l’ — (E(])l

1 f(l)(ffo)

p1(2)

@) = )
o J0) @

r1—T xrKT —x

We can approximate this by not allowing x; to go to z (i.e. remove the limit), then by
noting we are consider the derivative at the point x = xp, we have a neat expression.

f(x) ~ Flao,z]
f(z1) = f(xo)

T1 — Zo
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Putting this back into the expression we have the second divided difference formula

Pi(z) = f(xo) + (x — o) Flxo, 1]
= flan) + (o — gy LS 0)
= Py(z)+ (z— xo)if(ﬁz :ﬁixo)

Just to show that this is the same as the first Lagrange interpolator

fz1) = f(@o)

Pia) = fleo)+ (@ —wo) =
= o) ()~ o)
= o) o ) )
= o)t = flao) S o)
= o) S

The final line is Lagrange’s interpolator for two points.
Let’s do one more step, then I will show the general solution. The reason for the extra
step is it shows the difference between Taylor and Newton.

r — X 0 xr — X 1 r —X 2
po(z) = %f@)(xo) + %f(l)(xo) + %f@)(%)

@) (g
F@o) + (z — 0) f P (wo) + (z — xOF@

Before we do anything else, we have to unwind the (z —z¢)? term. Why you may ask? Is it
not already in a usable form? Well yes and no. As I stated in the beginning, Taylor assumed
coinciding points, but Newton assumed different points to be interpolated. Up until now
this has not been an issue. This is the first challenge. Newton used basis polynomials of
the form ny = Hf:_ol (z — x;), so we have to use (x — xg)(x — 1) for this case instead of
(r — x0)?. Note that in general we will replace (z — z¢)* by Hi:ol (x — x;).

Now on to the derivative term. It might seem odd to combine the factorial term with
the derivative, but it has practicality and some intuition on its side. Let me first give the
formula.

@) (y
fT(O) = Flxo,v1, 2]
_ F[.Tl,fEQ} 7F[I071‘1]
T2 — Io
f(x2)—f(z1) _ flz1)—f(zo)
To—T1 T1—To

T2 — Zo
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At this point I can explain how the coll If the points are equidistant, then this makes lots of
since as the denominator of the final term is then twice the step size. When you would go to
the third derivative you would have the difference of two second derivatives that would have
the one half scaling built in, divided by a length that was three times the size so this would
have to have a factor of three in the denominator. The one third from the length together
with the one half from the second derivative gives a factor of one over three factorial. Since
the next term up would use the previous term, but have a larger denominator, we have an
induction step’
Putting this back into the expression we have the second divided difference formula

Py(z) = f(xo) + (x — zo)Flxo, 1] + (& — xo)(z — 1) F|x0, 21, 2]

Fx1) — f(z0) f(z2)=f(z1) _ f(=1)—f(z0)
— £ 7 TN 7 _ _ T2—T1 T1—To
f(zo) + (x — x0) oy —ag T (z = zo)(z — 1) prag—
= Pi(z)+ (z —zo)(x — z1) Flxg, z1, 2]

flz2)=f(z1) _ f(z1)—f(=o)

T2—T1 T1—To

T2 — Zo

= Pi(x)+ (& —x)(z — x1)

Just to show that this is the same as the second Lagrange interpolator

flx2)=f(z1) _ f(z1)=f(xo0)

Py(x) = Pi(x)+ (z—0)(x —21)(x — 20) (1 — 7)) —2—1 F17%0
T2 — X0
1 — T r — X
= f(ﬂﬁo)gc1 e '|'f(~731)x1 e
f@2)—f(z1) _ f(z1)—f(x0)
+(x — xo)(x — 1) —22 P  —
- 1 — T Tr — X
= f(fo)gc1 o Jrf(»’ﬁl)xl o
B B fla2) = flz)  f(z1) — f(=o) )
e —m)l =) ((xz —x1)(z2 —20) (21— 20)(22 — o)
= ) 2 )
xr1 — X r1 — Xo

F(f(@2) — f(z1)) (x—mo)(@—z1) (F(21) — f(xo) (x — xo)(x — 1)

(22 — z0) (22 — 21)

7 RN " (z = @) (2 — 1)
= flwo) i+ 0)(x2 — 20)(z1 — 20)
T — 0 (x —z0)(z — 1) (z = xo)(w — 21)
+f(x1):c1 — Xy — ) (x2 — o) (22 — 21) ~fo) (w2 — o)(x1 — 20)
) (x — z0)(x — x1)

(z2 — x0)(T2 — 71)

I This is probably not obvious at this point, but I have left it this way to give you a challenge. Sorry but
trying is the only way to learn. Try to write the recursion, and drop by or send an email if you don’t get it.
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Pie) = st (Do mlen) el on) )

i) —xg)(mo—ml) (:L‘()—l‘g)(xo —$1)

+f(x1)x—a:o _f(xl)(x—xo)(x—xl) ( 1 N 1 )

Ir1 — Xo T — X To — I Tr1 — o

(2 (22 — @0) (72 — 1)
B . (x —x0+ 20 — 22) (T — 271)
= ) T e e — o)
T — xo (x—zo)(x—21) (1 — 20+ 22 — 21
+f(xl).’1?1—l‘0 7f(x1) To — To ((332—.’131)(.%‘1—370))
+F () (x —xo)(x — x1)

(z2 — 20)(z2 — 71)
(x — z2)(x — 1)
fleo) (zo — 2)(T0 — 71)

N et S (il ) (( 22 — 20 )

1 — o T2 — o 502*581)(%1 *1’0)

(z —zo)(x — 1)
(@) (z2 — z0)(T2 — 71)
(x — x2)(x — 1)
(zo — z2)(T0 — 71)
(z1 — z2)(z — 20)
(@) (z1 = 22) (71 — T0)
) (z —zo)(x — 1)
(z2 — z0)(T2 — 71)
(x — z2)(z — 71)
(zo — x2)(T0 — 71)
(r —z1 + 21 — 22)(x — p)
(@) (z1 = 22) (71 — 20)
) (z —zo)(x — 1)
(z2 — z0)(T2 — 71)
flao) (T INE T gy BB B0y g (2 S0l — o)

(zo — @2) (0 — 21) (21 — @2) (21 — @0) (z2 — @o) (2 — 21)

= f(zo)

) (x —zo)(x — 1)

- (z1 — 22) (71 — Z0)

+f(z2

= f(wo)

+f(z2

The last line is the second Lagrange polynomial. It took a little algebra, but I think it is
worthwhile to try a
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3.2.1 General Form

Derivatives

f(z1) = f(zo)

F[l‘o,lj]
Ir1 — Xo
F s Iy ol T
T
Ty — X0
Polynomial Recursion
Po(z) = f(=o)
Pey1i = Pot(@—zo)(w—a1) - (x—ap)Flwo, 1, -+ Tpya]

3.2.2 Error

The key area to note from here is that the error is given by either of the following formulas.

n (n+1) (e,
f@) =) = [[le-anl )

= H(x *Ii)F[Ith” ' axnax}

1=0

The important part of this is to note that these are themselves polynomials of order n + 1.
Consider the plot of a polynomial with equi-spaced roots. It is trivial to note that the height
of the peaks between the roots is bigger towards the outside of the interval.

3.3 Tchebychev Polynomials

Tchebychev (also spelled Chebyshev) polynomials are the basis set of polynomials that
reduces the maximum error in interpolation by putting more of the zero crossings to the
edges. The Tchebychev polynomials are defined on the interval [—1,1] by the following
recursion

T, = 1
T1 = T
Tn 2xzjn—l - Tn—?

,\
w e
[N
S— ~—r
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The first several Tchebychev polynomials are

To(z) = 1 (3.4)
Ti(x) = =z (3.5)
To(z) = 222 -1 (3.6)
Ts(zx) = 22(22%—-1)—x (3.7)
= 42® -3z (3.8)
Ty(x) = 2x(4a® —3z) — (222 - 1) (3.9)
= 8z* —8x? +1 (3.10)
Ts(z) = 22(82* —8z% +1) — (42 — 3z) (3.11)
= 162° — 202> + 5z (3.12)
Ts(z) = 2x(162° — 202> 4 5z) — (8z* — 8x2 + 1) (3.13)
= 322°% —482* + 1827 — 1 (3.14)
Tr(z) = 22(322° —482* + 1827 — 1) — (162° — 202> + 5z) (3.15)
= 64" —1122° + 562° — Tz (3.16)

The roots of the Tchebychev polynomial of degree n + 1, T;,11(x), are given by
Toir(zr) = 0 — (3.17)
T = COs (Wﬂ') Vk e l,...,n] (3.18)

3.4 Splines

For splines we want to fit a cubic polynomial for each interval so that the first and second
derivatives between two sections match on the boundary. Thus for n points we need n — 1
spline sections.

So(z) o <x <1
S1(x) 1 <z < 2
S(x) = Si(2) i <o < Tigy (3.19)
Sn—Q(x) Tn—2 g X g Tn—-1

with?

Si(z) = ailx—2)® +bi(x —2)® +ei(x —x;) + d; (3.23)

?Note that we could have defined this lots of different ways. For instance, one popular way of developing
the same set of equations we will find is to start from

s(z) = al(zj7z)3+a0(zij,1)3+b1(xj7x)+b0(xf:pj,1) (3.20)
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Each spline section has four requirements

1. It must go through the boundary point on its left,

yi = Si(zi)
= ai(w; — 2) + i (xs — 15)% 4+ i@ — x;) + d
yi = d;

Y1 = Si(wig1)
= ai(ip1 — ) + bi(zig — 1:)° + ci(wipr — x) + ds
= ai(Tip1 — 2:)° + bi(@igr — 2)° + ez — ) + i
Yir1 — ¥ = ai(zip — 2:)° + bi(igr — 3)° + ci(Tig1 — x5)
Yir1 — Ui
Jitl =i ai(xi+1 — 172’)2 + bi(xi-&-l - ‘TZ) +c
Ti41 — T4
Yi+r1 — Yi
¢ = T ai(wipr — i) = bi(wip1 — ;)
Ti+1 — Tj

3. It must have continuous slopes with the splines on either side,

Si(z) = 3ai(z—x;)% +2b(z — 2;) + ¢
and thus
3a;_1(w; — xi—1)* + 2bi—1(z; — 7 1) +cic1 = 3aj(zi —x;)? +2b(z; —
Bai1(zi —mim1)” + 20 (wi —mim1) Feim1 = ¢
3a;_1(x; —xio1)? +2bi1(zi —wi1) = ci—cioy

4. It must have continuous slopes with the splines on either side,

SZ(JZ) = 6ai(33 — .731') + 2b;

Which would give us (these will make sense in a couple pages)

M;_;
a = —
6(zj —zj-1)
b Yiie 5 Mj—i(zj —wj-1)°
. =

(zj —xj-1)

(3.24)
(3.25)
(3.26)

(3.33)

(3.21)

(3.22)
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and thus
Sifl(xi) = Sz(xz) (3.39)
6ai,1(xi — J,‘Z',l) +2b,_1 = Gai(xi — .TZ') + 2b; (340)
6ai_1(xi — xi_l) +2b;_1 = 2b; (341)
6(11'_1(1'1' - xi—l) = 2bl - 2b1‘_1 (342)
2b; — 2b;_1
i = — 4
i1 6(.131' — xi_l) (3 3)

We could just stick the four resulting equations into a big matrix and solve, but that is not
very efficient as there are 4n — 4 equations to be solved, it would be nice to simplify things.
We note that the term 2b; appears a lot, so we make the following definition

M, = 2b; (3.44)
and then solve for each of the four unknowns in terms of the new variable and the x; and y

terms. The four equations we have from above with our definition make five key equations
for our problem

L. d;i =y
L Yir1—Yi (. )2 b (. .
2. ¢ = oy a;i(Tiy1 — zi)* — bi(Ti41 — ;)

3. 3ai—1(zi — xi—1)? + 2bi—1 (2 — wim1) = ¢ — ¢i1

R 2bi+1—2bi
4oa; = 6(xipr1—xi)

5. b; = LM

-2

The first one is already ok, as is the fifth (the definition). The fourth one is easy to put into
the new variables

a; = 2biv1 — 2bi (3.45)
6(.I¢+1 — ZZ?Z')
Moot — M

= ol o (3.46)
6(ziy1 — x;)

We now have ways to calculate a;, b;, and d; in the new variables. We only need an equation
for the ¢; and another to find the M;. Conveniently we still have two more equations. The
second one in our list gives ¢; in terms of a; and b; but these are known in terms of M; so
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we can just substitute

¢ = fiﬁ%i (@in1 — 25) — bs(wig1 — 1) (3.47)
_ i’: :y ( xill ) (@is1 — 35)2 — <;M) (i1 —21)  (3.48)
- i (M ) - 10
N % <é e M ) (@i — @) (3.50)

Now we only need to find the values of the M; and we can then find the values of the other
variables, thus instead of solving for 4n — 4 unknowns we only need to find n — 1 unknowns.
Since solving for them will take n® operations, all that math cut the work down by 43 or
to a sixty fourth of the brute force idea. The equation for the M; comes from equation 3 in
the list. First let’s simplify the left hand side.

3ai_1($i — l‘i_1)2 + 2bi_1(azi - xi—l) = C; —Ci— (351)
M; — M,;_
m(% —wi)? + Mioa(zi —wic1) = ci—cio (3.52)
M; — M,;_
fl(.’lfl — !Eifl) + Mifl(.’ti — (Ei,1) = C; —Ci—1 (353)
(M; + Mi_l)% = ¢i—ci (3.54)

Now lets simplify the right hand side.

Li = Li-1 Yir1 — Yi 1 1
M,+M, ) — = it 7Yy Lo .
(M; + 1) D) (xi+1_x, <6 +1Jr3 >(a:+1 :c))
R 1 1
_ (Y1~ Y Yi—Yi
Tit1 —Ti T — Ti—1
1

1
i1 (@i — ) — gMi(xi-H — x;)

6
1 1
+6M ( — T 1) + §Mi_1(a:i — 1'1’—1) (356)
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Now collect terms in M; onto the left hand side, leaving the terms with no M; on the right.

Ti41 — X4
2 ) M
( 6 > +1+

Ty —Ti—1 Ty — Ti—1 | Tigl — T
( - + ) M;+

2 6 3
Ti— Xij-1 Ti— Xj-1 M.
2 3 i—1
Tit1 — X4 Tit1 — Ti—1 Ti — Ti—1
—M; —_— M, + —M,_
6 +1+ 3 + 6 1

Yi+1 — Yi Yi —Yi—1

K3 K3 _ 7 7 (357)
Lit1 — Ty Xy — Li—1
Yit1 —Yi Y

i —Yi—1,4
\3‘08)
Tit1 —Tp Ty — Tj—1

The only thing that we need is to calculate M; for the natural cubic spline, which is done
by requiring My = M,, = 0 and solving the following matrix system

Ar = b
-062 ﬁ2 0 . 0 T
B2 az [
A= lo ps 0
. . Qp—2 ﬂn72
L 0 e 0 ﬂn72 Qp—1 |
[ Mo Y2 — 71
r = : b= :
_Mn—l Tn—1 — Tn—2
o Li+1 ;xi—l 8 = $i+16— T

Y1 T Y
P =
Ti41 — X4

When we have found the M; we can then substitute these values to find the original splines,

and thus plot them.

Si(x) = ailx—x;) +bi(x —25)* + ci(w — x;) + d; (3.59)

M; 1 — M;

o = , 3.60
6($i+1 — xl) ( )
1

b= M (3.61)

¢ = LU 1Mi+1 + le (Tit1 — i) (3.62)
Tit+1 — T4 6 3
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3.4.1 Not-a-Knot Cubic Spline

We can also find the M; for the not-a-knot cubic spline, which is often preferred by solving
a similar system

Ax = b
[y B 0O 0 - 0 0
Bi ag B2 0 .- 0 0
0 B2 a3 (3 ; :
A= 1o o p - 0 0
. Qp—2 ﬁn—2 0
0 0 0 ﬂn—Z Qp—1 ﬂn—l
L0 0 - 0 0 fBno1 92 |
[ M,y 11— f(21)
M, Y2 — M
r = b= :
Mnfl Yn—1 — Yn—2
L Mn f/(xn) — Yn—-1
Lit1 — Ti— Lit1 — Xy i+1 — Yi
a; = Litl 7 i1 B; = Litl T e ;= Yit1 — Y
3 6 Tit+1 — T4
T2 1 _ Tn — Tn-—1
P = 3 P2 = —3
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or (if you don’t know the derivative)

Arx = b
(Y1 2 0O 0 - 0 0 ]
Bi az B2 O .- 0 0
0 B a3 fs : :
A= 1o 0 g - - 0 0
Qp_—2 5n72 0
0 0 e 0 67172 [e77} ﬁnfl
Lo 0 -0 0 ®2 o1
[ M, )3
M T2—N
T = : b= :
Mn—l Yn—1 — Yn—2
L Mn ¢3
o = LTi41 ;xifl 8, = $i+16— T Ny = Yi+1 — Yi
Tiy1 — Ty
§1 = T2 -1 §2=$2—Z1 §3=Z1—$1
52 5152 53 5153
= fr— —_— Z p—
o = ve = 2 vs = f(1) 51
§4 = Tp—Tpo &5 = Ty — 22 6 = 22 — Tp_1
& -6 & — &3
= — = f(25) —
o1 T ¢ =g 93 = f(22) 5

oy + Ssya

E5Yn—1 + &6Yn

Note, you can easily enter the matrix A into Matlab by using the command diag. For
instance, if you put the entries of A that are on the main diagonal into the vector A1, the
first sub-diagonal into A2, and the first super-diagonal into A3, then in Matlab you enter,

A=diag(Al)+diag(A2,-1)+diag(AS3,1);.
Homework
section 5.3: 7 section 5.4: 3, 5



Chapter 4

Approximation

Up till now we have dealt with interpolation, where we want to exactly match a set of
points. In reality, we are often more concerned with having a good overall approximation
rather than an exact matching at a few points. There are a lot of ways to approximate a
function. In general there are two main areas discrete and continuous. We will cover the
discrete case. The continuous method involves some functional analysis and we do not have
the time to cover it well. If you are interested it can provide a fun project, and I have some
good resources you can use.

4.1 Least Squares Approximation

We proceed with the discrete case. The discrete case involves measuring the function to be
approximated at a series of points, and then finding the best coefficients in some sense for
some functions of interest.

Some sense? What do I mean by that? Well, put simply, there are a variety of different
methods of measuring how good an approximation is. The standard method is the one
we will concentrate on, and it is called least squares. As with many things in Math, least
squares owes its basis to Gauss, who used it to calculate orbits of objects in the solar system
[28]. Numerous other works have covered solution methods [6, 44] and solved cases such as
special structure [14, 16], sparse matrices [17, 29], and numerical issues [7, 13, 57]. Least
squares assumes that the matrix, A is known exactly (E4 = 0), and thus all errors occur in
the observations, b, only. It is sometimes also referred to as Errors-in-Observations, due to
the assumption of the errors occurring only in b. The basic idea is to reduce the sum of the
squares of the distances from the measurements to the function to be fitted at each of the
x values. The problem can be stated as

min || Az — b||?. (4.1)

The last point is very important because it is the basis of much of the problems in least
squares. In essence the answer you get is dependent on your choice of independent variables.

42
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The key idea to get is that there are reasons to look beyond least squares.

Consider the problem of calibrating a gas thermometer. Gas thermometers are based
on Charles’ law, which states that the volume of a fixed mass of gas at a fixed pressure is
proportional to its temperature. A simple gas thermometer can be made by trapping some
gas with a mercury plug in a capillary tube that is open on only one end [48]. The volume
is thus proportional to the height of the plug. The equation of the thermometer is thus
hcy = T, where h is the height of the plug, ¢y is the constant we want to know, and T is
the absolute temperature. We place the gas thermometer in a stirred liquid bath with a
known thermometer. We heat the bath and take height and temperature measurements at
various times. The LS solution gives us that ¢; = KIT, but we can see that this minimizes
the error in the measured temperature, T, from the predicted temperature, hhiT. By the
same token we could use the relation h = ¢T', with co = é The LS solution, ¢; = TTh,
thus minimizes the error between the measured height, h, and the predicted height 77" h.
A problem arises in the LS method in that generally é; # % This can be seen easily in
Figure 4.1. The slope of the line designated temperature errors, is ¢1, while the slope of the
line designated height errors is é The line designated theoretical is the “true” system from
which the estimates were generated. It is easy to see that the slopes are not the same, and
thus ¢; # i The LS solution does not even perfectly handle the case where the system
matrix is “known”, which gives us cause to be concerned as to how it will perform when
there are perturbations to the system matrix.

Gas Thermometer Calibration

30 T T
X Measured Data
— Theoretical x
— — Height Errors 7
—- - Temperature Errors -
25 B

Plug Height [mm]
S

=
(62

10

5 L L L L
10 15 20 25 30

Temperature [C]

Figure 4.1: Gas Thermometer Example

The most well known alternative to least squares is total least squares (TLS). In TLS
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we look at the perpendicular distance to the function. This handles many of the problems
of least squares but is more sensitive to errors, as it is “optimistic” in how it looks at the
problem. A huge body of literature is dedicated to this problem, and this is the central area
of my dissertation (available at www.r2labs.org). While some of these other methods are
very interesting, we will stick to least squares for the moment, but we will remember that
problems can occur and so if we have problems we know there are things we can do.

Getting back to business we have a set of m points (z;,y;) and a group of n functions
¢i(x) that we want to use to approximate the points with. We thus have m equations to
find n coefficients.

yoo— Y aii(r)
i=1

Zai@(fb)
i—1

Y2

Ym = > aidi(m)
i=1

We can rewrite these into a matrix formulation, as

Y - ®A
where
Y = [n ym]T
o1(x1)  P2(21) Pn(1)
$1(z2)  P2(x2) Pn(2)
e = :
¢1(xm) ¢2($m) ¢n($m)
A = [al as - am]T.

At this point we want to minimize the square error which is what the 2-norm does, so
we have ming ||[Y — ®A||2 . The norm we are minimizing is called the cost function. The
solution is given by A = ®'Y, where ®' is called the pseudo-inverse of ®. Prove it? Sure!
To avoid getting into some deeper areas of linear algebra we will assume that ® has linearly
independent columns. This is not restrictive, as we usually have a lot of measurements and
only a few functions we want to fit to them (m >> n).

We recall from calculus that the minimum occurs when the gradient (derivative) is zero.
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We thus take the gradient of the cost with respect to A and set it equal to zero to obtain

0 = VallY —oA|3
ValY —2A)T (Y — 0A)

= —0T(Y - ®A)
= 07pA-3TY
Ty = oToA

The last line is what is referred to as the normal equation(s). Note that some pluralize it
to reflect that the single matrix equation reflects n scalar equations. I don’t care, use what
you like. We note that if ® has linearly independent columns, then (®7®)~! exists.

ToA = 7Y
A = (9Te) ey
A = o'y

You might wonder how the last step works. Some might just call it a definition but in reality
it is because (®7®)~'®T satisfies the four conditions of a pseudo inverse (called the Penrose
conditions).

1. 010 = @

2. BT PPt = ot
3. oPt = (®PHT
4. 9to = (BT )T

The properties are simple and easy to check, and yes, you have to check all four. Many times
a candidate matrix fails only one of them. The first two properties tell us that it correctly
maps the range spaces from the fundamental theorem of linear algebra, and the second two
tell us the composite maps are symmetric. The pseudo-inverse always exists and is unique.
Additionally, when the true inverse exists, it is the pseudo-inverse. These are just a few of
the many reasons to love the pseudo-inverse. . .

The result is established. The nice thing about how we have handled things here is we
have not specified what the functions are (they have to be linearly independent but that
is no problem) or how many of them we want to fit. You can now fit any combination of
functions you like.

The solution is the same for a deterministic assumption, as for an assumption that
additive zero mean gaussian noise is present in the measurements, b. The solution can
be thought of as the projection of b into the range of A, as seen in Figure 4.2. The cost
criterion is appealing to physical intuition, since it requires the solution to account for all
of the measurements the system could have produced. The solution only requires the basic
data (system matrix and measurements), and the complexity of the solution is the standard
of comparison. It is easy see why the least squares criterion is popular, but it is not without
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Axls —b

Ax
Axls

Figure 4.2: Geometric Interpretation of Least Squares Solution

its problems. The choice of independent variables, which will be shown below, and scaling
problems, which are outlined in [49], are few of the well known problems with least squares.

As an example let’s look at linear least squares for the points (0,1), (1,2), and (2,3). We
need to find the coefficients m, and b for the line. We construct our matrices

Yy = [1 2 3"
oo b
A= m"

As a second example, consider fitting e** to (0,1), (1,.5), and (2,.25). To separate the
coefficient, a, from the variable, 2 we take the natural log of y; = €%*¢ to obtain In(y;) = ax.
We can proceed as before now.

As a third example we will consider the second problem where we have noise (random
errors) in the measurements. These three examples are coded into Matlab by

Listing 4.1: Matlab code for examples

Y=[1;2;3];

Ye=log ([1;.5;.25]);

Yee=log ([1;.5;.25]+.3«rand (3,1));
X=[0;1;2];

One=ones (3,1);
Phi=[One,X];
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A=Phi\Y
norm (Y—PhixA)

Ae=X\Ye
Aee=X\Yee

Xf=0:.05:2;

Yfe=exp(Ae.x Xf);
Yfee=exp (Aee.*x Xf);

1]

2.1];
1,3.1];

)

1= -

[
[
0

1,
;

Qg g
I

0]

subplot (3,1,1)

plot (X,Y, ’wx’ X, PhixA, "w—" ,pl,q, 'w—",q,p2, 'w—")

axis ([pl,p2])

subplot (3,1,2)

plot (X,exp(Ye), 'wx’ ,Xf, Yfe, 'w—",pl,q, ’'w—",q,p2, 'w—")
axis ([pl,p2])

subplot (3,1,3)

plot (X,exp(Yee), 'wx’ ,Xf, Yfee, 'w—",pl,q, 'w—",q,p2, 'w")
axis ([pl,p2])

47

and we get the output below and in Fig 4.3.

A =
1.0000
1.0000

ans =

0

-0.6931
Aee =
-0.4650

Homework 8.6: 1,3
4.2 Total Least Squares

min || Az — b||

s.t.
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+ + + + + + + + + +

° 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
3F -
2r i
tr >\i\x i
0

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Figure 4.3: Least Squares Example

4.3 Weighted Least Squares

Weighted least squares is a general technique which seeks to account for the relative impor-
tance or accuracy of a row in the equation Az — b by multiplying by a weighting matrix,
which is usually diagonal. Both row and column weighting can be done [44, 62], though
only the more common case of row weighting will be considered. Weighted least squares
provides a simple way of controlling the influence of a row, although it unfortunately suffers
from ill conditioning. Some major uses of weighted least squares are iterative improvement
of a least squares solution [2, 3, 5, 8, 36], electrical networks, and finite elements [64]. The
weighted least squares problem can be stated as

e
with solution
ATW Az = ATW '
o= (ATWA) T ATW
The main source of ill conditioning is the matrix W, which is by its very nature designed

to have a large spread in its Eigenvalues. Vavasis [66] claims that this ill condition causes
usual techniques for least squares type problems to yield highly inaccurate answers. Given
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the ill conditioning, it is reasonable to ask if x ever can become infinite due to W. Both
Stewart [63] and Todd [65] were able to establish independently that for all positive-definite
real diagonal matrices, W, the following supremums are finite:

L sup {|[(ATWTA)~TATW L}
2. sup {||A(ATW ATt ATW |}

Since the supremums are finite, £ must be finite. Another question to answer is if a stable
method for solution exists. No method has been shown to be stable using the usual backward
error analysis technique, but [41] shows one exists if stability is defined as

||1'True - xEstH <€ f(A) ) anv

where € is machine precision and f(A) is some function of A that does not depend on W.
It is important to note again that a special definition of stability is needed for this problem,
due to the conditioning problem in W. The basic solution of [41] can then be expressed as
1 QR factor (with pivoting) ATW = :
ATW = = Q1R P
2 Reduced QR factor (without pivoting) RY:
Rl =Q21R2;
3 Solve by back substitution for z:
Ropz=QI,PW =0
4 Multiply:
T=0Q1z
The first QR factorization is to provide stabilization. The second QR factorization is
to solve the least squares problem. The net effect is to factor ATW = into Q1R§1Q£1P7
which is essentially a complete orthogonal decomposition [35]. '
Alternately, the solution can be stated in terms of the equilibrium system

i ol ]l

and then found by any method desired, such as the QR factorization. While this has not been
shown to be stable, the alternate formulation shows that the weighted least squares problem
is essentially a special case of the generalized least squares problem [35, 54, 55, 56, 43, 1].

Finally, the weights can be difficult to select if they do not arise naturally. For instance,
in simple DC electrical networks the weights can be considered as resistances, and the
A matrix defines the adjacencies, b gives the voltage sources, and z is the desired node
voltages. Such cases naturally give rise to the weights. What happens when this does not
happen? The engineer is left trying to apply heuristics to select a weighting matrix. Given
the drawbacks, weighted least squares will not be considered further.

4.4 Constrained Least Squares

Often constraints naturally arise in problems. A fitting function could have prescribed
values, a physical system could have limits on its operation, or a solution in a particular
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set could be desired. Probably the most basic constrained problem is the least squares
Quadratic Inequality problem described in [35]. The problem can be stated as

min |[|Az — b|| subject to |Bx —d|| < a.
x

Often d = 0 and B is nonsingular, though this is not required. The problem can be solved
by the method of Lagrange multipliers, which has the nice bonus of having connections to
Tikhonov’s method, which is dealt with in Section 4.6. The problem becomes

miil | Az — b||* + \(|| Bz — d||* — o).

Taking derivative and setting equal to zero the solution is
r = (ATA+ABTB)"'(ATb+ ABTd) (4.2)
g(\) = |B(ATA+ABTB) Y (ATb 4+ ABTd) —d||*> —a® =0. (4.3)

Equation 4.2 gives the one parameter family of solutions for the problem. When the value of
the Lagrange multiplier, A, is known the unique solution is specified. Equation 4.3 is called
the secular equation in [35] and this designation will be used throughout my writings. The
purpose of Equation 4.3 is to find the value of the Lagrange multiplier, A. The multiplier is
found by any root finding method desired, though typically Newton’s method or bisection
is used. The general procedure of finding a solution to a secular equation by root finding is
used in many methods.

A particular case of the least squares quadratic inequality, minimization over a sphere,
is of particular importance and has been studied extensively, see [4, 19, 20, 21, 22, 25,
27, 35, 53, 61, 62]. The minimization of a least squares problem over a sphere has strong
connections to robustness, and is strongly connected to the Ridge Regression and Cross-
validation problems, which will be discussed in Section 4.5. The basic problem is

min || Az —b|.
=l <er

Following the procedure outlined above, the solution is found to be

B Afp it AT <o
YT UATA + A ATY else '

This special case covers the solution being confined to a particular set, and thus forces
the solution to stay bounded. Since the solution is always bounded to a reasonable size it
prevents one problem associated with lack of robustness, namely solutions being unstable
and growing without bound. A major problem with this is how to know a priori the size
of the true ||z||. An error on the guess of the size of z can cause a reduction in the signal
strength (as ||z| is forced to be smaller than the guess). Another problem is that A can in
general be quite large, but experience shows that a small value of A is more desirable as
large values tend to remove fine details (usually carried in the singular vectors associated
with smaller singular values) first. The solution obtained from large values of X tend to bear
little resemblance to the true solution in all but the major details. This is a key area of
my research, how to get a good value for the regression parameter, A so it neither becomes
unstable nor loses data.
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4.5 Ridge Regression

The Ridge Regression problem is an important special case of constrained least squares.
Ridge Regression can also be considered a special case of Tikhonov regularization, which is
covered in Section 4.6. Golub and Van Loan [35] describe the RR problem as

min|| Az — b|* + Az (4.4)

with the criterion for picking A > 0 such as ||z(\)|| < «, i.e. minimization over a sphere as
discussed in Section 4.4.

Other techniques for selecting the ridge parameter exist, such as the generalized cross-
validation function [34, 23]. The cross-validation function seeks to reduce the dependence
of the solution on any one experiment, and thus increases the robustness of the problem, as
seen in [35]. The cost function for the cross-validation problem is given by

5 2
m b — S by (=2
CO ==Y |~ e uishs (775)
k=1

2

r 2 [
L2 o vy (T;ix)
with
e wj, a weight on the importance of the k*" row (or experiment),

the SVD of A given by ULV,

u;), is the j, k' element of U,
e 0; is the 4t diagonal element of the diagonal matrix ¥,
e and b= UTh.

Details on the minimization of this cost function are discussed in [34]. The case of the Ridge
Regression problem with the cross-validation function used to select A is often called the
cross-validation problem. No matter how the value of A is selected, the expression for z:()\)
is given by x(\) = (AT A + X)7'ATb. It can be easily seen that each component of the
RR solution is smaller than the corresponding component of the LS problem, and thus the
robustness is gained at the cost of signal strength (or information content).

4.6 Tikhonov

The Tikhonov problem can be expressed as
min || Az — b||? + \|| Lz]|?. (4.5)

Note L can be indefinite. Two parameters can be chosen by the designer to select the
desired solution. The first parameter is L, which is used to specify conditions on z. For



592 CHAPTER 4. APPROXIMATION

instance, a solution with a small norm could be desired, which would correspond to picking
L to be the identity matrix. Alternately, a solution with a small derivative could be desired,
which corresponds to picking L to be the discrete approximation of the derivative operator.
Similar to weighted least squares, weights could be placed on particular portions of x to
limit their sizes.

The second parameter is A\. Rather than chose A directly, as is done for L, a requirement
for A in terms of the rest of the problem is usually chosen. For instance, the problem of
minimizing a solution on a sphere used ||z(\)|| < a. What requirement should be used
becomes the central discussion of Tikhonov regularization.

e In [40], it was shown that a non-zero A produces smaller error on average.

e The discrepancy principle [50] assumes the true system has been corrupted by noise
and uses the standard deviation of the noise, to find .

e The L-curve [38] assumes the system is corrupted by noise but does not require as
much information on the noise properties as the discrepancy principle.

e Bounded variations for piecewise continuous functions with at most countably many
discontinuities, are handled in [51].

e Generalized cross-validation [34], mentioned earlier tries to minimize the dependence
on any one trial.

e Residual and singular value plots have also been suggested [60] to pick A.
e Minimizing the lengths of confidence intervals [58] has been done.
e Even parameter choices for iterative solution methods exist [42].

e Most interesting though are the methods that attempt to minimize the distance to
the true solution, such as [24, 30, 37, 59, 52].

In particular, consider the most recent method as covered in [52]. Let the SVD of A be
UXVT and define 3 = UTb. The Tikhonov solution to Az ~ b, with L = I is

v = V(TS +AN)TIETs
_ z": oifi_
U?—‘r-)\ v

i=1

The true system with noise € can be expressed as

Tirue — VET(ﬂ - 6)
— fBi — €
S
° oF}
=1

Minimizing the distance between these two values gives the condition for A\. To compute
the function exactly requires the knowledge of e, which is not known. An approximation
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can be made if the system satisfies the discrete Picard condition (the data values f; — ¢;
goes to zero faster than the singular values) and f; is a true value plus noise. With these
assumptions and the standard deviation, s, of the noise, the root of the function

n 57,2)\ k—1 82 n 612
; (oF ) ; (oF + )7 ; (24 )

gives the value of A. While the value obtained is an approximation, O’Leary [52] shows that
the resulting « value, x4, () is close to the true (using the not approximated value of Agyye)
value ik (Atrue), and that in particular

||xtik()\true) - xtzk)()‘)H < |)\true - )\|
lzeir (Aerue) | h o2 4+ X

Additionally, as the standard deviation of the noise, s, goes to zero, z;k(\) goes to Tipye-
A nice result. An alternate method of choosing A is presented at the same time using

n
X = /BZ v
it = § i -
a : o+ 2 i
i=1

The choice was suggested for Hermitian positive definite matrices [26], convolution problems
with reordering [18], and some additional cases [39, 15]. The alternate method proceeds
similarly with a small alteration in the function, whose root must be found. The fact that
two methods are suggested, indicates that no one best method exists. Both perform well
however, and demonstrate robustness, which was a major goal.

Tikhonov regularization, works by damping out the terms that correspond to the smaller
singular values, see for example [33]. This can be thought of geometrically as finding a worse
model within some bounded region from the original model and solving the LS problem
on this new model. Tikhonov regularization generates robust solutions, but the wealth of
techniques to select A shows that there is no obvious best technique. A drawback to Tikhonov
regularization is thus also one of its strengths, namely the wide variety of techniques to pick
A. The criterion for picking A is really dependent on the solution desired, for instance,
the choice of the solution lying in a ball is usually done to fulfill a heuristic requirement
for boundedness. In the end this method usually ends up being more based on the skill
and experience of the engineer who sets up the problem. This is exactly how the problem
is treated in [33, 52]. The damping of terms corresponding to smaller singular values,
essentially means that data and thus accuracy will be lost. Most of the accuracy loss is due
to the “waterbed effect”, in that accuracy and robustness are competing goals, so advances in
one area causes losses in another. Such competing goals thus are not so much a problem but
rather a design decision based on the problem requirements. The assumptions are another
matter. By adding an implicit heuristic element, the problem de facto includes the “gut
feel” of the designer. While this may seem appealing, it is not rigorous, and does not allow
for confidence in the final result. A good guess will give a good result, a bad one a bad result,
but there is no way of assessing the guesses. The desire for a more philosophically pleasing
and mathematically rigorous method for posing robust problems led to the development of
the min max problem.




o4 CHAPTER 4. APPROXIMATION

My

”(A + Emm)ﬂﬁll

nlx]]
/ Ax

||(A + Ema,:z:)IH
(A + E’rnaw)mmin max

Figure 4.4: Geometric Interpretation of Min Max Solution

4.7 Min Max

The min max problem was proposed and solved separately in [11] by secular equation tech-
niques and in [32] by Linear Matrix Inequality techniques. This section will concentrate on
the secular equation formulation. The LMI techniques are discussed in Section 4.10

Simply stated the min max problem seeks to find the worst model in a bounded region,
and then solve the problem based on this worst case scenario. Mathematically it is written
as

min - max (A4 Ea)z — (b+ Ep)]- (4.6)
[Eall <n
sl <

This problem can be shown to be equivalent to solving a problem with similar form to the
Tikhonov problem, see [11]. Equation 4.6 can be interpreted geometrically by Figure 4.4.
The maximization forms the hyperspheres around A and b. The cone around A is formed
by varying the size of x. The solution, z, and the residual, R, are found by connecting
the furthest points on the hyperspheres. The maximization restricts the problem to the
lower line of the cone. The minimization selects the point on the lower cone such that
the line segment from the furthest point on the hypersphere around b to the lower cone is
perpendicular to the lower cone. The norm used in [11] is the 2-norm, though [67] extends
it to other norms. The min max problem becomes

min((| Az — b]| + nllal| + ). (47)

which differs from the typical Tikhonov problem in that the norms are not squared. As
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opposed to the Tikhonov problem, the term 7 now has a physical intuition also, that being
the amount of uncertainty in the matrix. Computing the min max solution takes longer than
computing the solution to a Tikhonov problem if a simple choice of regression parameter is
chosen for the Tikhonov problem, so it is logical to ask why one would want to spend the
extra operations to do so. The simple answer is that the two problems can give arbitrary
differences, which we will examine in Section 4.8.

In the form of Equation 4.7 it is easy to see that the problem is continuous but non-
smooth, since it is non-differentiable whenever x = 0 or when Ax = b. The solution to
Equation 4.7 and thus Equation 4.6, is summarized in Table 4.1. For Table 4.1, let the SVD
of A be given by

A= [00)) {0

E} vT.

Partition the vector ULH into

and introduce the secular equation
2
9() = b (22 =P 1) + 01) 2y — 5 balf,

which has a unique positive root, denoted v under the conditions noted in Table 4.1. Finally
define

I Y N
1520 ol

T1

The solution is thus given below. Notice that the least squares solution, Afb, is the min max
solution under special conditions. In one case a scaled family of the least squares solution
solves the problem. In general though the solution is given by finding the unique root of
the secular equation, g(¢) in the positive quadrant. When 7 is large the solution is zero.

4.8 Comparison of Min Max and Tikhonov

At this point, it is reasonable to ask if there is a similar, but simpler way to solve the
problem, which exhibits the desired behavior of min max that can be solved instead of the
min max methodology of [11, 67, 32]. One candidate solution that has been suggested is
Tikhonov regulation. It has a large body of literature, such as [33, 52], and a closed form
solution. Start by noting that a reasonable choice for the parameter A in the Tikhonov
problem is to chose it to be equal to the square of the uncertainty, since all the other terms
are squared and this will account for the size of the uncertainty. In this case the model has
a closed form solution which is given by

&= (ATA+n21)"" ATb. (4.8)
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beR(A) b R(A)

n<n<m | v=(ATA+p)1ATY | 2= (ATA+I) "L ATD

n<mn z = Afb v = (ATA+yI)"1ATY

n=m=7 | z=FAbwith0<B<1 | 2= (ATA+ 1) 1ATH

Table 4.1: Min Max Solution

Note that this is clearly a regularized estimator, with the regularization parameter given by
the bound in the error. Note also that for the min max problem that if Az # b and = # 0
then the min max problem also has a solution with a similar form given by

= (ATA+al) ATy (4.9)
Az — b

a = 2220 4.10

Bl (4.10)

The min max problem is also a regularized solution, with the regularization parameter given
by «. Since « is dependent on unknown values it must be calculated, which is usually done
by a secular equation. The logical question is, “Why not use the Tikhonov cost function,
which has the closed form solution?” To answer this it must be seen if the Tikhonov
problem’s regularization parameter can be arbitrarily larger or smaller. If the Tikhonov
problem’s parameter can be arbitrarily larger, then the solution can be over regularized and
thus valuable information can be lost. If the Tikhonov parameter can be arbitrarily smaller,
then the solution can be under regularized and thus the solution might not be robust. Thus
to compare the two, examine the ratio of the min max problem’s regularization parameter,
a, to the Tikhonov problem’s regularization parameter, 2. Doing so, obtain

o |AZm — ]
- = —rm

- (4.11)
" 1|2 mm |

4.8.1 Over-Regularization

First, see if the Tikhonov problem can be over regularized, which is the more dangerous
problem. This corresponds to the ratio being arbitrarily small. Note that || Azpm —b|| < |||
at the solution, by noting the cost at the solution must be less than the cost at the point
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x = 0. Thus,

o 6]l
— (4.12)

U 1 | Zmml|

It is clearly possible to pick A and b such that n||Z,m,| > ||b]]. For example consider the
following simple system,

P2 0[] e 19

For this simple system the min max problem has a solution of x,,,, = 22.11 while the modi-
fied problem has a solution of zp = 20. We note that for this problem the Tikhonov regular-
ization parameter is twice as large as the min max problem. Clearly the over-regularization
has also yielded a loss of information that is not warranted by the problem. We note that
while this simple example does not show an arbitrarily large ratio difference, since it is used
only as a numerical motivation. To see the arbitrary difference consider the following for
§< 1,

A:[ﬂ b:[ﬂ nzg. (4.14)

For this system note that the least squares (LS) solution is given by zps = 5%, and the

min max system is T, = 6% - 51%. Note that since § < 1, the min max estimate is

extremely close to the LS solution. The Tikhonov problem solution is given by zp = %,
which is easily seen to be arbitrarily far from the desired solution, since for § < 1 the two
candidate solutions differ by almost 20% of an arbitrarily large number. Moreover, the ratio
of regularization parameters is approximately given by the arbitrarily small number,

« 4
i %52. (4.15)

4.8.2 Under-Regularization

The second area to be considered is if the Tikhonov problem can be under-regularized. This
corresponds to the ratio of o over 7% being arbitrarily large. Note that ||Az,,m — bl >
[[Par|, thus

AT (4.16)

a o IPubl
P 7 el

It is clearly possible to pick A and b such that ||Zmm| < |[P41b||. For example consider the
following simple system,

A:[J b:{ﬂ n=1. (4.17)
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Note that since the perturbation is as large as the norm of the A matrix, x,,.,», = 0, which
corresponds to a@ — oo. This is intuitively pleasing, as it confirms the belief that no valid
information exists for a system with uncertainty as large as the system. Note also that ¢ =
1. Now the Tikhonov problem has the solution zp = % Not only is this clearly too optimistic
an answer, it is also unrealistic. The ratio is infinite and thus arbitrarily large, as was
desired to be shown. Thus while the Tikhonov problem has nice properties for calculation,
its estimator can be arbitrarily different than the min max problem. Additionally, the
Tikhonov problem does not correspond to physical intuition as can be seen in the last
example above. The min max problem can thus not be altered to an apparently similar
problem and solved for that system.

4.9 Non-Degenerate Min Min

The non-degenerate min min problem was presented in [12] for the case of the 2-norm and
extended to other norms in [67]. The essential idea is to assume, similar to total least
squares, that the actual system A+ F4 and b+ Ej is such that b+ Ej, is as close to being in
the subspace defined by A + E 4 as possible. The residual is then minimized over all choices
x. The problem is thus expressed as

min min I(A+ Ea)z — (b+ Ep)]- (4.18)
’ { 1E| <n
1Es | <

The geometric view is very similar to the min max problem and is provided in Figure 4.5.
The cone around A and the ball around b are the same as before (i.e.: all possible values for
the problem). The min min problem is thus to find the smallest distance from the ball to
the cone, which is shown in the figure. Note that it is possible for the ball and cone to have
points in common, this is the degenerate case, and is covered in Chapter ?7?. This section
will cover the non-degenerate condition. Two main issues are:

1. find a computable condition for checking degeneracy,
2. find a secular equation and region to find the solution.

First, find a computable condition for degeneracy. For the problem to be non-degenerate
the residual must be greater than the possible perturbation. In equation form this is

nll] < [|Az —b]. (4.19)

This equation depends on the solution, x, so an equation with only A, b, and n is desired.
By squaring the degeneracy condition, Equation 4.19, the condition becomes

aT(ATA —? Dz — 227 ATh + b7b > 0. (4.20)

For this to hold for all z, the minimum value of the function must be greater than zero.
The function must have a finite minimum, and that minimum must be positive. To have a
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Figure 4.5: Geometric Interpretation of Min Min Solution

finite minimum, the following must hold
ATA —n*I >0,
or defining the minimum singular value of A to be o,
Omin > 1] (4.21)

Noting that in practice n > 0 (n = 0 is least squares), this requires that A is full rank, which
is assumed from now on. Provided Equation 4.21 holds, the minimum value of Equation 4.20
is

b' [I— A(ATA—n?I) ' AT] b > 0. (4.22)

The problem is non-degenerate if A is full rank, and both Equation 4.21 and Equation 4.22
hold.

The computable condition is needed to see if the non-degenerate case applies (if it doesn’t
the non-degenerate case of Chapter ?? holds) and is useful in the proof. The proof of the
solution is too lengthy to present here, readers are referred to [12] for a full treatment.
Assume the problem is non-degenerate and let the SVD of A be

A=[Uy U m VT,

with smallest singular value o,, and corresponding left singular vector u,,. Define
b1 T
M AL

Then for the secular equation,

2
g() = BT (Z2 = PT)(5% — 1) "2y — %nbgni
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find the unique root of g(¢) in the interval (n%,02) and if it exists call it ¢, otherwise let

1 = 02. If 1 < 02 then the solution is
= (ATA—I)~ 1A b,

else there are two solutions

(52 — 021)7'1Sh
R Eo e G
with
.2
9W) = 9) - Wb B

|
- |

My dissertation completed the analysis of this problem by solving the degenerate case, which
turns out to be the more general situation.

4.10 LMI Techniques

Of all the techniques presented the Linear Matrix Inequality (LMI) techniques are the most
flexible. Most of the techniques both currently used can be solved using LMI techniques.
The Backward Error method is an example of a problem that does not fit into the LMI
framework, due to its rational cost function. The principle concern of this section is to
consider the LMI techniques that are similar to what is covered in my dissertation. In
[9, 10, 31, 32, 45, 46, 47], the LMI methodology for solving the min max problem with and
without structure were covered. This section will cover two principle areas of [32], that
being the structured and unstructured case.

The unstructured perturbations are identical to the min max case. The problem is
defined as

min  max |[(A+ Ex)zx— (b+ Ep)|.
T ||EE|lr<1
Note that the bound is 1 since the problem can always be normalized to this by dividing A
and b by any other bound thus yielding a problem of the form above. The problem can be
reformulated as a Second-Order Cone Programming (SOCP) problem of the form

min A
|Az —b|| < X =7

i

s.t.
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Define ¥ to be ()‘T;T) The solution can then be shown to be

S ATA+ D)7 ATY ify >0
v Alb

else

with A and 7 are the unique optimal points for the system. The parameter ¢ is the same
as was found in the min max problem by secular equation techniques.

At this point it is reasonable to ask why further work should be done. The basic reason
is speed. Each iteration of a SOCP is basically O((m + n)n?) and [32] asserts that the
number of iterations is almost constant and independent of the problem size, resulting in
a reasonably sized constant multiplying the n3. In contrast, solving a secular equation can
be done in iterations that are n? and then the overall solution takes n® but has a smaller
constant since it mostly comes from the calculation of the SVD (the “light” version of the
SVD can be used further saving time). In [32], it is noted that both have the same order of
complexity, which is true, but order is not the only determiner, the constant that is ignored
when reporting order can greatly influence practical speed. The speed advantage of secular
techniques is noted in [32], thus secular equation techniques have a slight advantage over
SOCP. In [46] it is asserted that the secular equation technique is simpler and that LMI
techniques only have advantage over secular techniques on robust regression problems when
additional constraints need to be applied. Noting that SOCP problems can be solved faster
than SDP (semi-definite programming) problems, the use of secular equation techniques
becomes more apparent. On a different line, developing algorithms to solve problems in
different ways is a valuable goal in and of itself, that yields benefits in many areas from
theoretical understanding to programming implementations. The nice features of the LMI
techniques thus do not rule out the other solution techniques, rather they complement each
other and serve to give a more complete understanding.

The second area to cover is the structured perturbations problem. The structured per-
turbations can approximate the multi-column, multi-row, and general min max problems
developed in my dissertation and some cases not expressible in one of the proposed tech-
niques. Note that the structured case can approximate but not directly solve the cases
covered in my dissertation. The structured perturbations are of the form

p
E(6y,...,0,) = Y OEx
k=1

p
Z 0k Ep 1
=1

Ey(1,...,0p)

where p is the number of basic perturbations, and Ej is a fixed basic perturbation on A
and Ej 1 is a fixed basic perturbation on b. The problem with trying to directly solve the
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multi-column case (for instance) is that the basic perturbations would need to be,

Az —b [zf 0 ... 0]
E, =

[|[Az — ]| [l ]
g [|[ Az — bl| l[zpll

This requires Ej to be dependent on x and thus the LMI to solve the problem that is
presented, is no longer linear. The multiple column case is used in [32] as a motivation for
the linear-fractional case, which is shown to be NP-hard in the general case and for which
an upper bound for the worst case residual was obtained. As special cases, the multiple
column, multiple row, and general block perturbation cases are not NP-hard, and allow for
the results in my dissertation. The three cases could be approximated with the structured
problem (as opposed to the linear-fractional) by examining a series of problems with the
values of Ej, based off the previous problem’s solution, starting with say = A'b, though
it is not obvious if this would converge. Optionally the problem could be approximated by
some other column (row, or general also) structure, though it will not necessarily generate
the same one found in my dissertation. Undoubtedly an LMI formulation can be found to
solve the same problem, the key point is that the structured formulation as outlined in [32]
will not. The formulation in [32] does permit important structures, such as Toeplitz, that
cannot be handled in the formulations of my dissertation. Each formulation is useful and
has a place, the needs of each individual problem under consideration determine which to
use. Returning to the structured problem, first define the following:

M = [Elx —Ey1 ... Epx— Ebyp]
F = M™

g = MT(Az —b)

h = ||Az —10].

The problem can be written as

min max 1 hog'l L
@ fsI<1|6] g F]|6]°
The problem can then be solved by the SDP,

min A
A—7 0 (Az—0b)T
s.t. 0 71 MT > 0.
Ar—b M I

The SDP formulation, while not as efficient as a SOCP formulation, is still polynomial time,
and can be solved by interior point algorithms. The variety of structures that can be handled
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or approximated by the structured technique in [32] is tremendous and covers most of the
cases of interest. Problems still exist which cannot be directly handled, or which could be
solved more efficiently by specialized solvers.

4.11 Simple Comparative Example

The previous discussion includes three general groups of problem formulations that can
be used in estimation. The following provides a feel for how these problems operate on a
simple example. Consider a simple one dimensional “skyline” image that has been blurred.
A “skyline” image is a one dimensional image that looks like a city skyline when graphed, and
thus is the most basic image processing example. “Skyline” images involve sharp corners,
and it is of key importance to accurately locate these corner transitions. Blurring occurs
often in images, for example atmospheric conditions, dust or imperfections in the optics can
cause a blurred image. Blurring is usually modelled as a gaussian blur, which is a smoothing
filter. The gaussian blur causes greater distortion on the corners, which is exactly where we
do not want it. The component of a gaussian blur with standard deviation, o, in position,
(i,4), is given by

Going on the presumption that the exact blur that was applied is not known (¢ unknown) the
exact system cannot be recovered. While the original system cannot be perfectly extracted,
some improvement on the blurred image is desirable. The blur is “known” to be small
compared to the information so some improvement should be possible. The least squares
solution fails completely, yielding a result that is about three orders of magnitude off in the
scale and is oscillating badly, see Figure 4.6. Notice that the total least squares solution is
better than the least squares solution (only off by an order of magnitude and the oscillations
are slower), but still not acceptable. The Tikhonov solution works well due to its increased
robustness. All of the methods of my dissertation can be seen to yield very good solutions
to the problem.
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Figure 4.6: Skyline Problem



Chapter 5

Solving Systems of Linear
Equations

5.1 Solving Triangular Systems

We will begin our solution of general linear equations by considering how to solve triangular
systems. This simpler form of system is particularly easy to solve, and it is easy to make
other systems become triangular. In later sections reducing a matrix to triangular form
becomes a standard tool.

As a side note, we really don’t like reducing to a triangular matrix. It is better to
reduce to upper or lower Hessenberg form!. Similarly, real numerical systems often avoid
diagonalizing and reduce to tridiagonal matrix?. The reason is it is often difficult to zero
the elements right next to the main diagonal, so we often get most of the way and then
finish the job with an iterative method. Starting with an iterative method would be slow.
This way we get the best of both systems.

5.1.1 Forward Substitution

Consider a system Lz = b, where L is a square lower triangular matrix.

1171 0 . 0 T bl

12.,1 12.,2 L Z‘.? _ b.2 (5.1)
. : . 0 . .

ln 1 ln,2 ln,n Tn bn

Ltriangular plus one non-zero diagonal immediately past the main diagonal
2The only non-zero elements are on the main diagonal and the diagonals immediately next to it
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The first row tells us

Lhaizi = b
b

= — (5.2)
lia

Using the solution of the first line and the equation of the second row we find

laaxi +lapxe = by
by — 1
gy = 27 21% (5.3)
la2
112—52,111%11
Ty = —
loo

In essence we are removing the effect of x; on b and then solving just as we did in Eq 5.2.
With the knowledge of zo we will need to remove its effect on b for subsequent calculations.
We can generalize this into a simple procedure. The one thing we have to make sure is that
the elements on the main diagonal never become zero®, as we need to divide by them.

Listing 5.1: SciLab code for forward substitution

function x=forward_substitution (1,b)
n=size(1,2); // n is number of columns in 1

)

x=zeros (n,1);

for col = 1:n
row = col; // consider main diagonal
if 1(row,col)==0 then // lower triangular matrix is
break; //singular if zero on diagonal
end

x(col)=b(row)/1(row,col); // calculate next component of x
for row=col+1:n // remove effect from subsequent rows
b(row) = b(row) — 1(row,col)*x(col);
end
end
endfunction

Listing 5.1 shows SciLab code for a forward substitution function. Note that it has com-
plexity "72, which is much better than the n® for matrix inversion. In Listing 5.2, is SciLab
code that uses the forward substitution function. The exec command causes SciLab to run
the contents of the file containing forward_substitution, thus defining it for use on the next
line.

3There are a lot of ways of explaining why this is from the matrix itself, here are a two. For lower (or
upper) triangular systems the determinant is the product of the diagonal elements, thus if one is zero then
the determinant is zero and no inverse exists. A zero on the diagonal of a triangular (upper or lower) matrix
means there is a zero eigenvalue, and hence the matrix is not invertible.
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Listing 5.2: SciLab test code for forward substitution

n=>s;
l=zeros(n,n);
for row=1:n

for col = 1:row
1 (row, col)=rand (1);
end
end

xtrue=rand (n,1)
b=l*xtrue;

exec forward_substitution.sci;
x=forward_substitution (1,b)

5.1.2 Backward Substitution

Now consider a system Uz = b, where U is a square upper triangular matrix.

U1 U2 -+ Uln X1 by
0 ug2 -+ Uz | |22 bo
= (5.4)
0 - 0 unn| [Zn b,
The last row tells us
Un,nTn = bn
b
Tp = (5.5)
" Un,n
Using the solution of the last line and the equation of the second to last row we find
Un—1,nTn + Un—-1n—-1Tpn—-1 = bn—l
bp—1— Upn—1nT
Bpoy = -l nolntn (5.6)
Un—1,n—1
bnfl - 'U/nfl,n,uiin71
Tpn-1 = -
Un—1,n—1

In essence we are removing the effect of z,, on b and then solving just as we did in Eq 5.5.
With the knowledge of z,,_1 we will need to remove its effect on b for subsequent calculations.
We can generalize this into a simple procedure. As in the lower triangular matrix of the
forward substitution case, the one thing we have to make sure is that the elements on the
main diagonal never become zero?, as we need to divide by them.

4There are a lot of ways of explaining why this is from the matrix itself, here are a two. For lower (or
upper) triangular systems the determinant is the product of the diagonal elements, thus if one is zero then
the determinant is zero and no inverse exists. A zero on the diagonal of a triangular (upper or lower) matrix
means there is a zero eigenvalue, and hence the matrix is not invertible.
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Listing 5.3: SciLab code for backward substitution

function x=backward_substitution (u,b)

n=size(u,2); // n is number of columns

x=zeros(n,1l); // predefine size makes the code faster ,
// because no memory allocation calls

for col = n:—1:1 // bottom up for backward

row = col; // consider main diagonal

if u(row,col)==0 then // lower triangular matrix is
break ; //singular if zero on diagonal

end

x(col)=b(row)/u(row,col); // calculate next component of x
for row=1:col—1 // remove effect from subsequent rows
b(row) = b(row) — u(row,col)xx(col);
end
end
endfunction

Listing 5.3 shows SciLab code for a backward substitution function. Note that it has com-
plexity %, which is much better than the n3 for matrix inversion. In Listing 5.4, is SciLab
code that uses the backward substitution function. The exec command causes ScilLab to
run the contents of the file containing backward_substitution, thus defining it for use on the
next line.

Listing 5.4: SciLab test code for backward substitution

n=>s;
u=zeros (n,n);
for row=1:n

for col = row:n
u(row, col)=rand (1);
end
end

xtrue=rand(n,1)
b=uxxtrue ;

exec backward_substitution. sci;
x=backward_substitution (u,b)

5.2 LU Factorization

Since we have ways to solve a system of matrices, Az = b, where A is either upper or lower
triangular, it makes since to ask can we transform any matrix into this form and then solve
it. It turns out we can, and it is fairly fast, but not numerically stable®. First I provide code

5Basically this means it can give very wrong answers under certain circumstances. Don’t do this with
badly conditioned matrices unless you really know what you are doing.
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in Listing 5.5 to find both L (a lower triangular matrix) and U (an upper triangular matrix),
such that LU = A. Theoretically you could use this and your forward and backward solver
to get the solution. In practice we don’t do this for two reasons. First, it cannot handle a
zero value on the main diagonal (row = col), which will be handled by pivoting. Second,
though is that we don’t need to know L, we just need U and L~'b. This can be seen by the
following

Az = b (5.7)
LUz =

Note that this step is seen simply by noting A = LU by construction of L and U.

LUz = b (5.9)
L'Luz = L% (5.10)
Ur = L' (5.11)

The next step is the basic algebraic rule of multiplying both sides by the same thing does
not change them. The last step combines the definition of an inverse, namely L~'L = I,
and the property of I that JU = U. Thus to find z we need U and L~'b. The code for this
is in Listing 5.6. Note you could also just write a function that returns U given A, and then
pass [A b| instead of just A, and your function will return [U L~'b].

Listing 5.5: Gaussian Elimination (LU factorization)

function [l,u]=lu_no_pivot (A)
[m,n]=size (A);
l=eye (m,m);
u=A;
for colPivot=1:n
// for legibility
// pivot is on main diagonal (row=col)
rowPivot=colPivot ;
// make sure the pivot isn’t zero, as
// we must divide by it
if u(rowPivot,colPivot)==0 then
break ;
end
// calculate the next col of 1
for row=rowPivot+1:n
1 (row, colPivot)=u(row, colPivot)/u(rowPivot , colPivot );
end
// update u
for row=rowPivot+1:n
u(row, colPivot )=0;
for col=colPivot+1:n
update=1(row, colPivot )*u(rowPivot , col)
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u(row, col)=u(row, col)—update;
end
end
end
endfunction

Listing 5.6: Solving Ax = b using LU factorization

function [u,linvb]=lusoler_no_pivot (A,b)
[m,n]=size (A);

l=eye (m,m);
u=A;
linvb=b

for colPivot=1:n
// pivot is on main diagonal (row=col)
rowPivot=colPivot;
// make sure the pivot isn’t zero, as
// we must divide by it
if u(rowPivot,colPivot)==0 then
break ;
end
// calculate the next col of 1
for row=rowPivot+1:n
1 (row, colPivot)=u(row, colPivot)/u(rowPivot , colPivot );
end
// update u
for row=rowPivot+1:n
u(row, colPivot)=0;
for col=colPivot+1:n
update=1(row, colPivot )xu(rowPivot , col)
u(row, col)=u(row, col)—update;
end
update=1(row, colPivot )*linvb (rowPivot );
linvb (row)=linvb (row)—update;
end
end
endfunction

5.2.1 Partial Pivoting

Listing 5.7: Gaussian Elimination with row pivoting (LU factorization with partial pivoting)

function [p,l,u]=lu_partial_pivot (A)
[m,n]=size (A);
l=eye (m,m);
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p=1;
u=A;
for colPivot=1:n
// find the largest element in column
// start with main diagonal
rowPivot=colPivot ;
colmax=abs(u(rowPivot , colPivot ));
for row=colPivot+1:n
if abs(u(row,colPivot))>colmax then
rowPivot=row;
colmax=abs(u(rowPivot , colPivot ));
end
end
if rowPivot>colPivot then
for col=I1:n
temp=u(colPivot , col);
u(colPivot , col)=u(rowPivot , col);
u(rowPivot , col)=temp;
temp=p (colPivot , col);
p(colPivot , col)=p(rowPivot, col);
p(rowPivot , col)=temp;
end
for col=1
rowPivot=colPivot ;
end
// make sure the pivot isn’t zero, as
// we must divide by it
if u(rowPivot,colPivot)==0 then
break ;
end
// calculate the next col of 1
for row=rowPivot+1:n
1 (row, colPivot)=u(row, colPivot)/u(rowPivot , colPivot );
end
// update u
for row=rowPivot+1:n
u(row, colPivot )=0;
for col=colPivot+1:n
update=l1(row, colPivot )*u(rowPivot , col)
u(row, col)=u(row, col)—update;
end
end
end
endfunction

71
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5.2.2 Cholesky Factorization

For symmetric (A = AT), positive definite (27 Az > 0 Vo # 0) we can perform a special
form of the LU factorization called the Cholesky factorization (A = LLT). To see how this
works consider the following

lip O 0
I - lo1 oo
Do 0

_lnA,l ln,2 ln n_|
ha 0 0] hia loa o lan

LT o~ |la o : 0l In.2

: 0 -
_ln 1 ln,2 ln n | 0 0 ln n
I 5%71 li1al21 s Lialna
_ |lealia 13,413,
. e . 9 ln,n—lln—l,n—l + Zg:_f ln,ili,n—l

_lmlll,l e ln,nfllnfl,nfl + Z?;l ln,ili,nfl l%,n + Z?gl l72z,z

Listing 5.8: Cholesky Factorization

function IL=Cholesky (A)
n=size (A,2);
for col=1:n
// work from diagonal out
row=col ;
// square root of diagonal
A(row, col)=sqrt (A(row, col));
// scale rest of the row by the new diagonal

for sub_row = row+1:n

A(sub_row , col)=A(sub_row , col)/A(row, col );
end
// cleanup

for sub_col=col+1:n
// remove current column from remaining cols
for sub_row=sub_col:n
temp=A(sub_row , col)*A(sub_col ,row);
A(sub_row , sub_col)=A(sub_row ,sub_col)—temp;
end
// zero the row above the diagonal
A(row,sub_col)=0;
end
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end
L=A;
endfunction

5.3 QR Factorization

While in most practical systems LU or a specialized version like Cholesky will work nicely,
there are times when numerical conditioning makes these methods dangerous. This is when
we can use a more numerically savvy routine, QR factorization. The idea of QR factorization
is to obtain an upper triangular matrix, R, similar to LU, but to do it with orthogonal
transformations. Orthogonal transforms use orthogonal matrices, which have a variety of
nice properties

1. The inverse is the transpose (Q 1 = QT)

2. The norm is 1 (||Q|| = 1)

3. The norm of the inverse is 1 (||Q7 ]| = |QT| = |Q]| = 1)
4. The condition number is 1 (cond(Q) = ||Q|||Q || = 1)

The first and last property are particulary nice for us. Since the condition number is 1, we
should not cause any errors to grow. Since the transpose is the inverse it is easy and relatively
quick to calculate. There are several ways to do QR, which revolve around how to form @ or
R. To understand these methods, you first need to understand basis, dimensionality of vector
spaces, and orthogonality, but those in turn requires an understanding of independence. If
you are not familiar with any of these concepts please read Section 11.1.

5.3.1 Gram-Schmidt Orthogonalization

This is the easiest to understand, but the worst to do.

Listing 5.9: Classic Gram-Schmidt Orthogonalization

function [Q,R]=gram_schmidt_classic (A)
[rows, cols]=size (A);
Q=A;
R=zeros(cols , cols);
for col=1:cols
for orthogonal_dir = 1:col-1
R(orthogonal_dir , col)=Q(:,orthogonal_dir)’ ’«A(:,col);
Q(:,col)=Q(:,col)-R(orthogonal_dir ,col)*Q(:,orthogonal_dir);
end
R(col, col)=norm(Q(:,col));
Q(:,col)=Q(:,col)/R(col,col);

end
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endfunction

5.3.2 Modified Gram-Schmidt Orthogonalization

The fix gains some precision but does not fix the root problem.

Listing 5.10: Modified Gram-Schmidt Orthogonalization

function [Q,R]=gram_schmidt_modified (A)
[rows, cols]=size (A);
Q=A;
R=zeros(cols , cols);
for col=1:cols
R(col, col)=norm(Q(:,col));
Q(:,col)=Q(:,col)/R(col,col);
for remaining _col = col+1:cols
R(col ,remaining_col)=Q(:,col)’«Q(:,remaining_col);
Q(:,remaining_col)=Q(: ,remaining_col)—R(col ,remaining_col)*Q(:,col);
end
end
endfunction

5.3.3 Givens Rotations

This works well, and is best suited to sparse matrix solvers because it can be used to target
individual, non-zero elements without effecting other terms. Each Givens rotation only
effects only two rows or columns in the target matrix (depends on if you do left or right
multiplication). A rotation matrix is given by

Ry (5.12)

cosf) —sinf
{sin@ cos } ’
Givens rotations are the 4 elements of a rotation matrix in a square pattern centered on the
diagonal. Being rotations they are very nice to calculate, easy to express, but have a higher
overhead to do them for every non-zero term. When there are only a few non-zero terms
(i.e. sparse matrices) this is not bad, and they end up being much more efficient than other
methods that will calculate how to zero a zero element.

5.3.4 Householder Reflections

This works well, and is best suited to dense matrix solvers. When matrices have mostly
non-zero elements (i.e. “dense matrices”) the low overhead of zeroing an entire column with
a Householder reflector is very efficient. These are hyperbolic, since they are reflectors, so
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they can have some calculation problems, though this is not common. First I will state the
result then I will prove it.

Hy = I-—20w" (5.13)
uw = a;(i:m)—epla;(i:m)] (5.14)
= ﬁ (5.15)

Note that by our construction that v"v = 1. Additionally, observe that the size of the
matrix diminishes by one row and column each iteration, this is because once a column has
been reduced, one more row does not need to be effected. Due to this we only need to work

on A(i:m,i:n).
_jplte,
W
’ GHele,
N
o)

The SVD is extremely stable and is in some sense the ultimate safe thing to do, if it is done
right anyway. We do not often do it as it is expensive (read slow) to calculate. The danger
in QR is in error buildup in solving, R, by back substitution. It would be much nicer to have
a diagonal matrix so errors couldn’t buildup. The SVD always exists and is a non-unique
(i.e. there are many different SVD’s for the same matrix) decomposition that is given by

5.4 Singular Value Decomposition

A = UxvT (5.16)

where U and V are unitary (generalization of orthogonal to complex numbers) matrices,
and X is a diagonal matrix with the main diagonal ordered so o1 > o9 > -+ > o, > 0.
Thus X is not only diagonal, it is positive semidefinite (there could be zeros on the diagonal)
and ordered. We can even calculate individual singular values (the o;). Some popular uses
are

1. ||A||2 =01
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2. [A7 |l = oyt

3. cond(A) = &

On

4. ||A||%robenius = Z?:l 02'2

5. A7l = VE~1UT, note £~ is easy to calculate because it is diagonal.



Chapter 6

Integration

The fundamental theorem of Calculus tells us that an integral of a function can be expressed
in terms of the anti-derivative of the function. Unfortunately, not all functions have anti-
derivatives that are expressible in known functions. One of the most famous is the Gaussian
probability distribution, which is given by

The anti-derivative of this important and frequently occurring function is unknown. How
do we handle it? That is the subject of this chapter.

6.1 Riemann

We recall from Calculus that the integral is defined as
b n
[ s = tim > f05) (a5 - 25,
a j=1

Now assume that all n of the z; are evenly spaced on [a,b]. We can then write

b—a

n
= Tj—Tj-1-

7
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We can use this to get an expression for the Riemann Sum

b n
[ f@de =t > ) - a)
a le
= lim ) f(p))h
j=1

n
= lim h) f(p)).
j=1
To evaluate the integral numerically we are not able to take the limit, so we get

b n
[ e = 1Y ).

The exact size of n for the approximation to be good is a key aspect of numerical integration.
Note also that I have not specified what p; is, as this form allows you to do a left, right,
mid-point, maximum, or minimum. The basic idea here is that we are approximating the
function by a constant on the interval.

b n
/ fayde ~ S fny).

=1

Now we want to think about the error. First we want to get an expression for the
integral in terms of an exact sum. To do this we use the fundamental theorem of calculus,
add nothing, rearrange, and use the mean value theorem.

/abf(x)dx

Il
g
=
~
|
!
—~
S
~—
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This expression is exact so we can take it and subtract the expression for the midpoint
method. We will assume the function has a derivative and we will note that since we have
picked the midpoint that any other point in the interval is within half the width of the
interval of the midpoint.

n

E = hif(cn—hz;f(pi)
- hi(f(@)—f(m))
- hif’(dﬁ(a—pi)

hYra;

h2 n
= 52 [
i=1

Recall that h is inversely proportional to n, so we have that the Error is inversely propor-
tional to the square of n.

N

6.2 Trapezoid
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/ab f(z)dx —

6.3 Simpson

n_

fwo) + f(zn) +2 Z Flx2g) +4) flzi-1)

j=1

/a " f@)de ~

w|

6.4 Richardson

Define the value of the integral to be I and the numeric approximation by some method at
n node points to be I,,. We note that the error is of the form

E = I-1,

npb

)
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with ¢ a constant dependent on the function and p a power dependent on the method. For
midpoint and trapezoidal methods p = 2, while for Simpson’s method p = 4. If we double
the number of points then the error would be

E = I-1,
B c
- 2epp
1
= 27([ —_— In).
Solving for I we find
1
I1—-1, = 2—p(I—In)
1 1
1——=1I Iopn—1I,
op op
2P — 1 1
op I = I2n - ﬁ-[n
2P 1
I = I, — I,
2r —1 2r — 1
1
I = 20, — 1) .
w1 @k )

This is Richardson’s Extrapolation formula, and it will typically give a big improvement to
any of the methods. We can use this estimate of the error to calculate the error

E = I1-1,
2P 1
= 71271_7171_171
2r — 1 2r —1
2 — (20 — 1) 1
= 2n — In
2p — 1 2p — 1
1 1
= Dy o1,
2r — 1 2r — 1
1
= (b L),

This is Richardson’s error formula. We note that we can get a convergence rate by doing a
little algebra on what we have already found.

1
[Ty = 5(-1L)
-1, _

I_I2n
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This is a nice equation but in general it is not calculable, as we don’t know I and might not
know p. We can handle this by considering the quantity

I, — I, Iy —I,+1-1
Iy, — Loy, Iy — Iy +1—1
(I-1,)— (- Is,)
(I = Izpn) = (I = Lun)
(I - In) B 2%(1 - In)

%(I_In)_ﬁ(l_ln)
_ e

(1= 55)

1
= T

2P
= 2P,

We thus have a simple way of calculating the convergence rate, and thus a way to find p.

Homework: 7.1) 2(a), (b), (f) for midpoint, trapezoidal, and simpson. Compare with
the error for trapezoidal (7.32) and Richardson’s extrapolation.

7.2) 8

6.5 Gaussian Quadrature

And now for something completely different. . .

Last time we considered the standard way of thinking about integration, namely sum-
ming up a bunch of small areas. The technique we will discuss today was introduced in 1814
by Gauss, hence the name. We will now consider the integral

1(f) = /_ Syt

Note that this is a perfectly general statement, as all we need to do to convert this to
an integral of the form ff f(z)dz is to find a linear mapping between the two intervals of
integration:

t = [-1,1] (6.1)
x = la,b

We thus want to find a function z = g(¢) such that a = g(—1), b = g(1), and g(-) is linear.
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We have two points which determine a line, so we can use the two-point formula for a line:

m, = ti -~ too (6.3)
b—a
- —= (6.4)
b—a

- 6.5

r = z1+my(t—t) (6.6)
L Y (6.7)

_ %(Qb +t(b—a) — (b—a)) (6.8)

= %(t(b —a)+b+a) (6.9)

— w (6.10)

So, if we define x = 0.5(t(b — a) + b+ a) and thus dz = 0.5(b — a)dx then we have!

b g(1)
r)dr = x)g' (t)dt
[ s = [ @

/1 f<(b—a)t2+b+a> <b;a> U
1

We have that the integral is general, if not all that obvious as to why we chose this in the
first place (it will become more apparent in a few moments). We still need to show how to
estimate the integral. The basic idea is to approximate the integral by weighted evaluations
of the function at a series of node points. To get a good estimate we will require that our
estimate at n node points will be good for every polynomial up to order 2n — 1. How? Pick

w; and x; such that
I(f) = szf(xz)

i=1

holds for all f € {1,z,...,22""!}. Let’s do some examples.

Example:

You will see some books define t = (2z —a —b)/(b—a), and dt = 2dx/(b— a), which is the same formula
but not as convenient for what we want.



6.5. GAUSSIAN QUADRATURE

Consider n = 1.

Also, consider n = 2.
1
/ dx
-1
2
1
/ zdx
-1

0
1
/ 22dx
-1

2
3

1
/ 22dx
-1

0

1

/

dx

1

xdx

= wif(x1)

= wir

= 21}1

x

wy f(x1) + wa f(22)
wy + ws

wy f(21) +wa f(22)
W Ty + Wy

wy f(z1) + wa f(22)

2 2
w1T] + Wy

wy f(w1) +wa f(r2)

3 3
w1x] + waly

Solve these four equations for four unknowns and we find

The node points turn out to be the roots of the Legendre polynomials.

w1

w2

Mo

1

—_
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The Legendre

polynomials are defined on [—1,1] hence our choice for the limits of integration. You can

find the Legendre polynomials by the following properties.

e P, is a polynomial of order n.

e They are orthogonal
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Table 6.1: Gauss-Legendre Abscissae and Weights to 8 Decimal Places
n Evaluation Points, z; Weights, w; Degree (2n-1)

1 0.0 2.0 1
2 i% 1.0 3
3 0.0 0.88888889 5
+0.77459667 0.55555555

4 +0.33998104 0.65214515 7
+0.86113631 0.34785485

5 0.0 0.56888889 9
+0.53846931 0.47862867
+0.90617985 0.23692689

6 +0.23861918 0.46791393 11
+0.66120939 0.36076157
+0.93246951 0.17132449

7 0.0 0.41795918 13
+0.40584515 0.38183005
+0.74153119 0.27970539
+0.94910791 0.12948497

8  +0.18343464 0.36268378 15
+0.52553241 0.31370665
+0.79666648 0.22238103
+0.96028986 0.10122854

10 +0.14887434 0.29552422 19
+0.43339539 0.26926672
+0.67940957 0.21908636
+0.86506337 0.14945135
+0.97390653 0.06667134

when 7 # j.

e The normalization is

! 2
/ P, (z)%dz =
1 27’L+ 1

: 2_1,3_3,..4_6,2_ 3
The first several Legendre polynomials are {1,x,2* — =, 2° — sx,xt — 2t + }

3 )
The constants can be found by

357"
n

1

T —x;

wi:/ H L dx
1. c . Ly — Xy
Vimtgzi ™0

In general we do not need to use this as the values are well tabulated, see for instance
Table 6.1.

Homework Redo 7.1) 2(a), (b), (f) for gaussian quadrature up to n = 8. How does the
convergence compare?



Chapter 7

Differentiation

Numerical differentiation seems obvious. In most introductions to calculus, the derivative
is introduced as the limit of a series of secant lines. Probably the most basic method of
numerically taking the derivative is based off this formula. It turns out that while it seems
obvious, numerical derivatives are more difficult as we will see.

7.1 Derivative Approximation

Let’s start at the basics, the two point method of obtaining the derivative is based off taking
the derivative of the two point interpolation polynomial.

1 — T

A flxo) +
1

o) + 3 F)
flo )~ (@)
)= fs)

Xr — X

f(z1)

=
&
2

=
O
2

This is only exact when we take the limit as h approaches zero. We can see how the basic
errors are dealt with by expanding the Taylor sequence.

Fla+h) = f@) + b @)+ 7e)

85
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Using the Taylor series in the formula we obtain that the error in the formula is

flx+h) - fz)

A
- L@ 1) ~ f(x)
ik ()
= J@ - @)+
= 250

Two other types of error occur. First, there is subtractive difference errors. We note that
since f(x) &~ f(xz + h), when we subtract them we will lose precision. Second, there is error
propagation. Consider the fact that nothing we do in the real world is ever exact, so we
actually measure and calculate a nearby solution:

f@) = f@)+e
feth) = fathte.

Substituting this into our formula we find

Flla) ~ w
_ Je+h+e-f@) +a
_ f(a:+h}1—}l(x) . 62;61.
The resulting error is
E - f/(x)_f(ﬂf+h)—€}2l—f(x)+e1

_ iy [@ @) ’if}:(c) —er— f(@) + 1

_ ) M@ ’if;(@ —a+a

= F@) - @)+ e+ L

= gf”(c)+2.

As long as the last term is non-zero, which it will be in general, if h gets to small them the
propagation errors dominate, see Figure 7.1. This is the real problem. We did not have this
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Error
A

0.000 T T T T T T T T T
0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010

h

Figure 7.1: Error in calculating the step size for different step sizes, h, for f”(c) = 2 and
e=10796.

problem with numerical integration because we were multiplying by A rather than dividing
by it. The problem is more pronounced with higher order derivatives where you will be
dividing by powers of h. This problem motivates the use of integral equations rather than
differential ones. Unfortunately many integral equations are very ill-conditioned. Anyway,
the key idea is that there is a competition between several error types.

7.2 Tangent Line

As of yet we have considered calculating the derivative from above. Let us consider the
derivative from below, and we will solve for it using the equation of a line and noting that
the slope of the tangent line in the limit as h = 0 is the derivative!.

y = mx+b
thus
fl) = mz+bd
fx=h) = m(z—h)+b.

1We could have just used the same method we used in the last section, but what fun is that?
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Take the difference

flx)—flx—h) = max—m(xz—h)
= mh
@)= f—h)
Mieft h

This is the left approximation of the derivative and

fle+h) - fz)
h

is the right approximation. We get a better estimate by averaging them.

Meyight =

Mieft + Myright

Mavg = 2
B f(x)—i(w—h) +f(x+h})l—f(x)
_ F5) =z —h)+ S+ 1) = )
_ Hat 1) = Sz oh)
2h

Interestingly the best thing we can do when we have three points is not to use the one we
are trying to estimate the derivative of. The reason is, when we use the left approximation
of the derivative, we are really estimating the derivative at x — %, and similarly for the right
approximation. By averaging we get an estimate of the derivative at x.

7.3 Richardson Extrapolation
7.4 Higher Order Derivatives

The second derivative is just the derivative of the first derivative. Since the left and right
approximations really give us the approximate derivative at = + %, we can use them, with
their separation distance of h, to estimate the second derivative at f(x).
f//($> ~ f/(x—’_%) _f/(x_%)
h
flath)=f(x) _ flz)=f(z=h)
h h

h
fle+h) =2f(x) + flx—h)
h2

Q

To solve for higher derivatives we will need more points: f(z + 2h), f(z — 2h), etc. The
further we go away the worse the approximation will be though, again showing that higher
order derivatives become more inaccurate.
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7.4.1 Method of Undetermined Coefficients

In addition to the point the derivative is to be evaluated at, we need one additional point
per order of the derivative to be taken. That is a first derivative takes 2 points, a second
derivative takes 3 points, a third derivative takes 4, and so on. Rather than memorize a
bunch of formulas for higher powers, or even iterating the formula as above, we can use the
method of undetermined coefficients, which can also be used for integration, interpolation,
differential equations, etc.

Say we wanted to find the formula for the second derivative, which we know will require
3 points.

f"(x)=Af(x+h)+Bf(z)+ Cf(x —h)
We will use the Taylor Series to expand f(z + h) and f(x — h) around .
Fla+ ) = £(@) 4 hf (@) + (@) + ot
2
Flw = h) = f(&) = hf'(@) + "o (@) + hot

We now substitute this into the original expression.

f(x)

2
A7)+ 1 (@) 4 1) + ot ) + BI) +

C (f(x) — hf'(z) + h;f”(a:) + hot)

(A+ B+ CO)f(x)+ (A—=C)hf'(z) + (A+ C)h;f”(x) + hot

Equating like derivatives on the left and right we have

Derivative Equation Implication
f(zx) A+B+C=0 B=—-(A+0)
' (z) (A-=C)h=0 A=C
f'@)  A+0)f =1 A=
thus
. 1 -2 1
(@) = ﬁf(:v—i—h)—i—ﬁf(x)—f—ﬁf(x—h)
_ fla ) —2f(@) + fl—h)
h? '

Note that we found the same formula a different way.
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Differential Equations

Most practical problems will be described by a differential equation. We will not in general
know the form of the solution, but we usually can find how they change with respect to each
other. From this basis we would like to be able to find the actual solution.

8.1 General Introduction

Consider the general differential equation

y(x) = f(z,y(x)). (8.1)

Using basic calculus we see that the solution is given by

y(z) = /f(x,y(w))dx+0-

Often this is not very useful in solving equations however. The way to get practical solutions
for this problem is covered in differential equations, so I will just mention a few.

8.1.1 Existence

The problem 8.1 has a solution on an interval zp < z < min(b,,c) and yo < y < b, if the

ly—yoll
of(z,y) )
y

function f is continuous on the interval for ¢ =
maxwwy( r

8.2 FEuler’s Method

Euler was without a doubt one of the greatest mathematical minds to have ever lived. He
did work in almost every area you can imagine including numerical methods. His method
is simple and easy for people to use. Unfortunately, as the old numerics folk theorem goes,
“that which is good for a person is bad for a computer and vise versa” Euler’s method is

90
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Yo
Zo

Figure 8.1: Existence requirements

unstable numerically!. To introduce the method, say we knew a point, say (zo,y(7o)), we
could denote our first point by the y-coordinate.

vo = y(zo)

Now say we wanted to find the value of the function a short distance away, say at xo + h.
It would be reasonable to do a first order taylor approximation. Noting that y = f(z,y)
allows us to write this in simple terms.

1 = ylxzo+h)
= yo+ hf(zo,90)

We could extend this process to find

Yn = y((Eo + TLh)
= Yn-1 + hf(xnflv ynfl)
= Yn—2 + hf(xn—% yn—2) + hf(xn—Q + h7 Yn—2 + hf(xn—% yn—Q))

Note that the third (last) term involves estimating based on an estimate. It is here that the
problem comes because the errors can build. It is easier to show the problem by taking the
Z-Transform of the second line

Yn = yn—1+hf(xn—1ayn—l)
Y = 2 'WH+hF(z'X,271Y)

1The forward method actually, the backward method of Euler is stable though still far from a good
method.
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Assuming we are dealing with linear functions (a common assumption) we can pull the z=!
out. Error is given by

Y(r) () = hD()+OR)
D) = g(@)D@)+5V"(x),  Dlag) =0
ow) = 282

z=Y (x)

8.3 Runge-Kutta

While Euler’s method is nice and simple, it is far from the best. Higher order Taylor
methods can be derived but these require evaluating multiple derivatives. Even Richardson’s
extrapolation has limits on its abilities.

Consider the Taylor series of y.

2

Yotk = yle) @) + @)+

2
y(x) + hf(z,y) + % Flayg)+...
2

y(@)+ hF )+ )+ Ry o)) +

2
= @) RS y) 4 e () + fyle ) S+

Ve + 1) + b (5 Falo) + g ) o)) +

Now we consider the Taylor series in two variables of f(z,y).

fle+hy+k) = Z;{ +kaa] flz,y)

= flx,y)+ {haax +kaay] flz,y) +...

Rearranging we find

fl@+hy+k)—flx,y) = hfelz,y)+kfy(z,y)+....
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We use this in our Taylor series of y.

ya+h) = y<x>+hf<x,y>+ah("fm(x,ywhf(x,y>fy(x,y>)+...

y(x) +hf(z,y) +h< ,y+ f(fc y))—af(w7y)>+

= (@) +h(1- f(:v7y)+ahf(x+2h Yt e f @)+

= y(@)+h(l—a)f(z,y) + ahf(z+b, y+bf(x )+

h
b= — < 1
% 0<a<

We have defined this in order to take advantage of the many varieties of second order R-
K. The most common are: Midpoint (a=1), Modified Euler (a=1/2), and Heun’s method

(a=3/4).
You can also do R-K for higher orders. The most common is fourth order. The algebra
is tedious so I will just present the result.

1
y(x+h) =y(z)+ 5 (F1 +2F; + 2F5 + Fy)

with
R o= hf(x7y)
h F
By = hfr+50+5)
h F
Fs = hf(+5.y+ )
Fy = hf(e+hy+F)

8.4 Fehlberg’s Method

We have seen that the local error (error in one step due mostly to truncation) is one order of
magnitude better than the global error, in general. Often we use Richardson’s Error formula
to find an estimate of the local error (T;,) so we can adjust the step size to keep things nice.
For instance Richardson’s Error for Euler’s method gives us

Y(z) — yn(z) hD(x)
Y(z) —yon(z) =~ 2hD(z)
Y(z) —yan(z) ~ 2(Y(2)—yn(2))
Y(z) ~ 2yn(z)— yon(2)
Y(z) — yn(z) (2yn () — yan(z)) — yn(z)

(
~ yn(x) — yon(x).
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This gives us a reasonable extrapolation formula, and estimate of the error. Another way
to estimate the error would be to look at two estimates from different order methods. For
instance you could do a fourth and a fifth order R-K estimate at each step and use the
difference to bound the error. If the error at any step became to large then you would
decrease the step size and try again. This idea is Fehlberg’s method, and it is the basis of
most modern ode solvers. This is why Matlab has ode23 and ode45.

8.5 Adams-Bashforth

Up till now we have been looking at solving the differential equation directly. We could
however just integrate both sides.

y f(z,y)
Tp41 Tn+1
/ ydoe = / [z, y)da

n n

)~y = [ " fa e

n

sann) = se)+ [ S

n

Our task is now reduced to trying to find the remaining integral, which we can use the ideas
we had from last chapter. Adams-Bashforth of order m uses a polynomial approximation to
f(z,y) at the points x,, Ty—1, ..., Tp—m+1. Consider the second order Adams-Bashforth
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method.

Ty, — X T — Xp_1

fa) = T )+ T )
[ e = [T (B ) 4 T ) ) o

n

Q

n

1
TnT — 57T

Q
=
&

3

L

_|_
)

2 2 2 2
S Tnt1 Tn

Tph —
T (@) +

2 2
oo h — Tri1 L1 Tn+Tnf1Tn—2T),
n 2

h

2 2
Tyl Tnt1Tn+Tn41Tn—T;,

Q

Q

f(@n-1)

— xn,lh
+ 2 h f(xn)

Tpi1h+xnh Tnt1h+xnh xn—lh

h 2 f(xnfl) + 2 h f(xn)

L 2on— (Tpg1 + xn)f(ivnq) . (@)
zn_lf(zn)

Tph —

Q

Tn+1 +xn — 2mn71
2
Tpn+1 — Tp—1 + Ty —

2

2
Ty — Tn+1 f(

Q

xn—l) +

—h 2h+h

Tf(xn—l) + D)

h
5B (n) = f(-1)

Q

Q

This is kind of ugly, so it would be nice to have a faster way of handling things, especially as
the dimensions increase. Luckily there is just such a technique. The method of undetermined
coefficients. We start by assuming the general form we want, in this case,

/ganrl flx,y)dr =~ af(r,)+bf(zn

n

We would like the approximation to work perfectly for constant and linear terms so:

Constant term, f(z,y) =1

a-14+b-1

Tn+1
/ ldx
T

’ h = a+b.
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Linear term, f(z,y) =«

a-Tp+b-x,_1

Tp41
/ xdx
xT

n
2 2
xn+1_xn
2
2 _ + 2
Ty | — TnTpgl + Tnlpil — Tp
2

= 4 Tp—QaQ Tp_1+a - Tp_1+b-xp_1

= a (Tp—2p_1)+(a+b) Xp_1.

Now noting that a +b = h

anrl(anrl - mn) + -Tn(anrl - (En)

2
7xn+1h+xnh = a-h+h-z
2 n—1
Tp+1 + xTn — 2.%'”71 - a
5 =
xn—‘—l — Tp—1 + Ty — Tp—1 o a
5 =
2h+h
= a
2
3h
— = a.
2
Thus since a + b = h,
—h
b= —
2

which is what we found before.

8.6 Adams-Moulton

Adams-Bashforth considered that we knew only up to f(x,y) only at points up to x,,. What
if we assume we can use x, or a near approximation? Let us again consider just the simple
case of linear approximations to function, though we could use any order of polynomial we
liked (if we want to do the work).

T — Tn

fay@) ~ T ) + P @)
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Using this we can solve the integral.

[ et~ [T (B )+ 5 ) ) da

n

Q

1,.2 1.2 Tn+1
T Tpn41d — 5T
~ 2Tf($n+1 — T,z) + %f(xn)
by 2 . e
~ 2 Z"x”""l + 5 F(@nsr) + T4l — mn-‘rlZn -5 f(wn)
2 2 2 2 2 2
~ Tn41 T Tn T 2TnTpp1 + 205 2xn+1 — 2%p 1% — Tpy1 25,
~ o Flrn) + o )
2 2 2 2
~ Tnt1 T 20 Tny1 + Ty Tpaq — 2Tp41Tn — I,
~ oh f(@ny1) + oh f(xn)
~ (x"""l — x”)z ($n+1 - xn)Q
~ oh f(Tng1) + oh f(xn)
h? h?
~ ﬁf(xn-&-l) + ﬁf(xn)
h
~ §(f($n+1) + f(zn))

8.7 Stability & Stiff Equations

A good start for looking at stiff equations is to examine the stability of our methods.
Consider Forward Euler for

y =—200y,  y(1)=e>".

—200x

The solution can easily be seen to be e . Forward Euler gives us

Yirr = Y —200%h*y;
= y;(1—200=h).

We note that this is stable if |1 — 200 % h|| < 1. Since h > 0 we must have h < 0.01. This is
a smooth, monotonically decreasing function that is less than 2787 and greater than zero.
Despite the smoothness and flatness, we have to take very small steps. To see this look at
Figure 8.2. Note that Backward Euler does not have the same problem. It is defined by

yi+1 = Yi — 200* h*yi+1
1
YT 200%h

which is stable for all h > 0. Stability is not the same thing as stiffness, but they are
related. Stiffness is due to multiple scales of the terms, for instance e™*, e=299¢, Consider

the following equation

0 =4+ 1001y + 1000y,  y(0) =1,  §(0)=—1.
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10—65

10—70 [ i

107t 1

10%t 1

-85 |

102 . 10%°

Figure 8.2: Instability in Euler’s Method

The solution can easily be seen to be e~!, which is nice in any definition. We solve the
equation using a 4th order R-K method. The results are in Figure 8.3.

What is going on? We need to look at the eigenvalues.

Define the intermediate variable z = g, and the equation becomes

0 = 241001z + 1000y

z —1001z — 1000y.

] - [ ][]

The eigenvalues are (-1,-1000). Since the eigenvalues differ by three orders of magnitude we
can expect stiffness, which is what Figure 8.3 shows.

Putting this in matrix form
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— Actual
h=0.002
| | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
—— Actual
h=0.003
| | | | | | | | |
0 4,01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
x 10
— Actual
h=0.004
| | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 8.3: Stiff Equation




Chapter 9

Modeling and Simulation

Some systems cannot be practically tested. Consider the spread of a highly infectious disease,
or the destruction due to a nuclear war. We can look at smaller examples of these, but the
full blown case would be bad to run. What we would like to do is to take our mathematical
knowledge and create a system of equations which will have the same behavior. We can
then test the real system by seeing how the modeled system behaves. This action of making
a a mathematical model be similar to the real system is simulation (same root as similar).
Often these systems are expressed as either differential or difference equations. They can
thus be solved by our differential equation solvers directly, or transformed (Laplace, Fourier,
Z, etc.) so they can be solved by zero-finding.

Lets look at how we can set some of these up, and then give some examples.

9.0.1 Electric Circuit

Kirkoff’s law tells us that the sum of the voltage drops around a loop must be zero. We
can use this to figure out how to set up some models. To do so we need to note how each
element operates. On the attached sheets I have included some copies of physical elements
and how they relate. If we consider our basic variable as charge then current is just the
time derivative of charge and we can see the elements are just:

Vinductor = Lq
eresistor = Rq
1
‘/;apacitor = 6 q

We can then write an equation for each loop and plot the first derivative of each of the loop
charges (thus loop current).

100



Low Pass Filter

The sums of the voltage drops around the loop is
1
‘/’L'TL —Rg—— =0
q Cq

The output voltage is the voltage across the capacitor, so
1
Vout = aq
We thus need to find ¢, and we know (rearranging eq 9.1)
Vin 1
- 5~4
R  RC

q =

This equation becomes code 9.1.

Listing 9.1: Code for the differential equation describing a low pass filter.

101

(9.1)

(9.2)

function gdot=lowpass(q,t)
R=100;
C=.01;
V=sin (100 t)+sin (t);
qdot=V/R—q/(RxC);
endfunction

When called by

Listing 9.2: Code to simulate a low pass filter using RK 2nd order.

t=0:.01:12;

vin=sin (100 t)+sin (t );
q0=0;

g=zeros (t);

q(1)=q0;

h=.1;

a=1;

b=1/(2xa);

for i=2:max(size (t)
qdot_ptl=lowpass(q(i—1),t(i));

)
q

gdot_pt2=lowpass (q(i—1)+axhxlowpass(q(i—1),t
-b

q(i)=q(i—-1)+hx(1
end

)xqdot_ptl+bxhkqdot_pt2;
C=.01;
Vout=q/C;

plot (t,[vin],’=b’ ,t,[Vout], '—g’)
legend ('Vin’, ’Vout ’)
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Figure 9.1: Input and output voltages of the low pass filter.

9.0.2 System of Masses

Consider a system of masses connected by springs and dampers. We can note that the if we
choose our variable to be position then we have:

Fspring = —kx
Fdamper = —CcT
Fmass = mx

9.0.3 Linearized Pendulum

1‘.1 _ 0 1 X1
T2 = % —C T2
9.0.4 Fox and Rabbits

Consider the problem where there is a predator and its prey in the area. If there are too
many predators they might eat off all the prey and starve themselves. If there are too much
of the prey the predators will increase in number because of the plentiful food. How do we
model this?
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We want several things in our model. First, predators should naturally starve, only
the presence of prey offsets this. Prey should naturally breed, and predators offset this.
The offset to both should be a scaled proportion of the contacts. Contact should be rare
when either population is low and more frequent with a reasonable number of both. These
considerations lead to the model that contacts occur at a rate proportional to the product
of predators and prey. These rules are combined in the model below.

fﬂ.l —ma 0 I bliL’lfﬂQ
= +

o 0 mo| |xo —bax1T2
iz =y 0 T
- 0 mo — ngl X2

To keep the population constant in each we need bizs —mq = 0 and mo — byxy = 0, thus

_oma
z(1) = T

oomy
z(2) = B

We can implement the basic predator prey rate calculations by the Scilab function

function [xdot]=predator_prey_rate(starve,birth,eat,eaten,predator,prey)
xdot=zeros(2,1);
xdot (1)=(eat*prey-starve)*predator;
xdot (2)=(birth-eaten*predator) *prey;

endfunction

To specialize this to our foxes and rabbits we could write the Scilab function

function [xdot]=fox_rabbit(t,x)

starve=5;

birth=10;

eat=.01;

eaten=.5;

predator=x(1);

prey=x(2);

getf (’predator_prey_rate.sce’);

xdot=predator_prey_rate(starve,birth,eat,eaten,predator,prey);
endfunction

Now we need to solve it, so we will use the function ode. The following code will set
everything up for us and call ode.

getf (’fox_rabbit.sce’);
x=o0de([22;500],0,[0:.01:10] ,fox_rabbit);
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//set("figure_style","new") //create a figure
subplot (211)

plot2d([0:.01:10],x’)

xtitle(’Fox and Rabbit History’,’Years’,’Population’);
subplot (212)

plot2d(x(1,:),x(2,:))

xtitle(’Fox and Rabbit Interaction’,’Foxes’,’Rabbits’);

When we run it we get the following graphic.

. Fox and Rabbit History
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600
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400

300

200

100
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Figure 9.2: Foxes and Rabbits

9.0.5 Arms race

Years

Foxes



Chapter 10

Partial Differential Equations

10.1 Basics

Consider the equation
f(z,t) = ertsin(km). (10.1)

Assume for the moment that x is constant and take the derivative with respect to t. We will
use the notation of 9 to denote a derivative with respect to only one variable, also known
as a partial derivative.

0 ¢ .
g (z,t) = ke sin(krx) (10.2)
fe(z, 1) (10.3)

10.2 Wave in a String

Assume we have stretched a string to length L and fixed it at both ends. We want to find
the function, u(z,t), which describes the displacement of the string at any point. Now we
will consider the basic one-dimensional wave equation,

1
gutt = Ugg- (104)

We will try one of the basic techniques, called separation of variables. Basically we posit a
solution of the form

uw.t) = f@)l0) (10,5
Substitute this back into Eq. 10.4, we obtain
i@ = @) (10,6
1.2
T I@ ) = K@), (10.7)
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with k a constant, which does not effect the equality but does provide a useful term when
we solve later. To maintain the independence between the x and ¢ terms called for in the
separation of variables technique it must be that the x terms on the left and right must be
equal (similar for the ¢t terms). Thus we have that

K f(z) = f'(z) (10.8)

00 = K, (10.9)
and thus

() + K2 f(x) = 0 (10.10)

g’ () +k*g(t) = 0, (10.11)

where we have kept the constant k with the terms that have no derivative!. These are now
ODE’s, and we can now use the boundary conditions to solve them. We will use the fact
that differential equations can be expanded in terms of exponentials, since the derivative of
an exponential is an exponential. Second order differentials without a first order term are
trigonometric functions?.

First note that the boundary condition on the ends is that they are fixed. This means
that

f0) =0 (10.12)
f(L) = o (10.13)

This implies that

flz) = iamsin <2"2”>. (10.14)

m=1

We can now substitute Eq 10.14 into Eq 10.10.

o) 2 o)
2 2 2
—mg:lam (WZW) sin( Wzﬁx>+k2mg_lamsin< nzmc) =0 (10.15)
oo 2
2 2
3o (1 (27) Y () 0 o
2mm
= — 10.17
T (1047)

1This is a result of experience. Essentially doing this provides a constant to be solved for in each, and
also couples the equations.

2This can be understood from the fact that the second derivative of sine or cosine is the negative of itself.
It can also be seen from the fact that e=7? = cos ¢ + j sin ¢, where j = /—1.
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10.2.1 Partial Discretization

Another way to solve this is to approximate the spatial derivative (discretizing in space),
while leaving the time derivative alone. The result is an ODE that approximates the PDE.
Say we use the basic higher order derivative formula we developed in the chapter on deriva-
tives, with a step size of A, then

1
EUtt = Ugx
1 w(t, xip1) — 2u(t, ;) + u(t, xi—1)
Cjutt(t, ;) = - A2
I —2c2 c?
u(t,z;) = ?u(t,xi) Az (u(t, zit1) +u(t, xi-1)) .

The last line just underscores that u is now only a continuous function of ¢ described by
a simple ODE. In essence we have made a whole bunch of interconnected wave functions,
one at each x;. This can be solved by any of the methods in the chapter on differential
equations.
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Numerical Linear Algebra
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Chapter 11

Vector Spaces

In this chapter I will give the background material needed to understand numerical linear
algebra.

11.1 Basis

To understand what a basis is, you first need to understand orthogonality and independence.
I will give you both some formal definitions, but more importantly I will try to make them
understandable. Let’s start with independence.

11.1.1 Independence

Say we have a group of vectors vy, ..., v,. We might want to know if there are any of them
that are unnecessary, that is could we make it from a combination of the others. If no
vectors are unnecessary, we say the vectors are independent. Formally, we write vy,...,v,
are independent iff,

n
> i =0 = a; =0vi€ {1,...,n} (11.1)
i=1

In English, this reads the vectors vy, ..., v, are independent if and only if the sum of each

vectors v; times a scalar «; for ¢ = 1 to n is zero implies that all the «; are zero. In simple
terms there is no non-zero weighted combinations of the vectors that sums to zero, as this
would mean we could write one vector in terms of the others by some algebra. The concept
is not that tough but it can get a little messy when calculating, particularly when you are
first introduced to the idea.

Let’s do an example,

Example 1 Are the following two dimensional vectors independent?

o el
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Solution: Let’s write out the linear combination used in the definition.

n
> i = 0 (11.3)
i=1
a1v1 + agve =0 (11.4)
Now this implies two equations (one for each row of the vectors).

o] +oap = 0 (115)

ay = 0 (11.6)

Equation 11.6 tells us that the second scalar weight, as must be zero, which combined with
Equation 11.5 requires the first scalar weight, o, to be zero. Thus by the definition, we have
that the vectors are independent.

Now let’s consider how many linearly independent vectors there could be, for a vector
space of size n, where the size of the space is the number of elements in the vector. It turns
out that we can have n of them. The easiest way to see this is to consider the vectors e;,
which are vectors with all zero entries except one, which is a 1 in the i*" position. Trivially
these vectors are independent (the summation in the definition results in n equations of
a; = 0), so there are at least n independent vectors that span the space. Could we add one
more and still have linear independence? Well consider the following.

1. The new vector cannot be all zeros or the « associated with it, say 41, could be any
number to satisfy the sum since the vector would be zero and au,41 -0 = 0.

2. The new vector, say d, must have at more than one non-zero term, since if it only
had one it would trivially be one of the e; times a scalar equal to it’s i*® component
(d;) and thus as a duplicate, you would just have to pick a;; = —ap41d; to satisfy the
summation without have all «; zero.

3. An induction argument can be easily constructed now, by noting that adding one more
non-zero component to d, say in position j, just requires setting o; = —ap41d;, to
satisfy the sum without having all «; zero.

Thus we can see that we cannot add another vector, and thus the maximum number of
independent vectors is n. This is not yet a formal proof, many books include one, my
purpose is to have you understand the what and the why parts. You are encouraged to
study the formal proofs on your own.

One other term often used is a basis. A basis is a group of independent vectors that span
a space (span means to cover all of it, and thus there will be a vector for each dimension in
the space).
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11.1.2 Orthogonality

To discuss orthogonality, I need to have an inner product. Mathematicians use the notation
< a,b > to denote the inner product of a and b. Physicists use a - b for the same thing,
unless they are doing quantum, in which case they use < a|b >. In linear algebra you will
often see this as a”b if the vectors are real, or a’’b if they are complex'. I mention all these
different ways of writing it as you might run into them in different contexts and you should
realize they are the same. For linear algebra we just mean to multiply the corresponding
elements of the matrix and sum them up.

a’v = Y abi (11.7)
=1

Just for your information this can be extended to infinite dimensional spaces like the space
of continuous functions on the interval from 0 to 1 by converting the sum into an integral,
thus yielding

< ala),b(@) > = /0 a(2)b(x)dx (11.8)

Getting back to our main point, which is given an inner product, we can find the angle
between the vectors. How you ask? Well, it turns out that

a’d = |al|2|b||l2 cos @ (11.9)

Where || - ||2 is the 2 norm (described in Section 11.2) and 6 is the angle between the vectors
a and b. The net result is that we can measure the angle between to vectors using the inner
product. If the inner product is zero and the vectors aren’t zero, that means that the cosine
must be. For the cosine to be zero, the angle must be 7 radians (or 90° if you prefer).
Things that are 5 radians apart are called orthogonal, so if the inner product of two vectors
is zero, then the are orthogonal. A lot of our algorithms force use the inner product to
measure the angle between two vectors, and then using this measure construct an vector
from one of them, that is orthogonal to the other. If you understand this is what they are

doing it makes the code much easier to read.

A neat side result is that if a group of vectors are mutually orthogonal, then they are
also independent.

ISome old texts use a*b for complex vectors, but it means the same thing as ab. In any case it denotes
transposing and taking the complex conjugate (this is the star notation), which is called the hermitian
transpose (this is the H notation).
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11.2 Vector Norms

11.2.1 Schatten P-Norms

The basic definition for some whole number, p, and vector, x € R", is

el = (11.10)
Three special cases are most important, p =1, p = 2, and p = limy_ k.
Manhattan Norm
Also called the one norm and the taxicab norm, this norm is the case when p = 1.
Izl = (11.11)

> Jail (11.12)
=1

It is readily observed that this is simply the sum of the absolute values of the elements of
the vector.

Euclidian Norm

Also known as the two norm, this norm is what most people think of as distance.

lzll2 = (11.13)
= VaTlz (11.14)
Infinity Norm
This norm has a simple form that it not obvious at first
|zl = lim (11.15)
p—00

11.2.2 Equivalence

All the norms on a vector space are equivalent, by which we mean they for any two norms
|| - [l« and || - ||», and two scalars o and (3, which depend only on the types of norms and
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dimension of the space, we have a||z||, < ||z]|s < B]|z]|oVz in the vector space. For instance,
we have for the three most common Schatten P-Norms

[E4Bt 1]l 2| oo
el llzlh <zl <zl llzlle <zl < Vallelle 2]l < [lzfl < nll2llo
Izl Zllzl <zl <zl ll2lle <zl <2l lelle < llzll2 < Vallzlle
lzlle  wllzll < llzllse <zl ZElzllz < ol < llzllz 2l < lzlleo < llzfloo

Note that the bounds are tight, which means that there are vectors x for which the
equalities hold, though obviously not at the same time. For instance if x was an n-vector
of ones, then ||z|; = n|z|cw. Another example would be if x = e; were e; is a vector of
zeros, with a single 1 in the it" position, in which case all the p-norms yield the same value
(1). One final note, the diagonal entries just say that the i norm is equal to itself, while
remaining the structure of the rest of the entries.



Chapter 12

Matrix Preliminaries

Matrices are an essential tool in control systems design. First lets discuss some basic terms.
R The real numbers.
R™ The vectors composed of n-tuples of real numbers.

R™*™ The matrices composed of m rows and n columns of real numbers.

12.1 Addition and Subtraction

In order to add or subtract matrices, the dimensions must be the same. Essentially we can
add two R™*™ matrices but not a R™*™ and a RP*" matrix or even a R™*™ and a R™*"™
matrix. Addition (or subtraction) is done by adding (or subtracting) the corresponding
elements in the two matrices. For two R3*2 matrices addition is given by

1 2 7 8 1+7 2+38 8 10
3 4/ 4+19 10/ =349 4+10| = |12 14 (12.1)
5 6 11 12 5411 6412 16 18

For two R3*? matrices addition is given by
1 2 6 5 1-6 2-5 -5 -3
3 4| — |4 3| =1]3-4 4-3|=|-1 1 (12.2)
5 6 2 1 5—2 6-—1 3 5

12.2 Multiplication

In order to do multiplication, we need to have matrices that are compatible to multiply.
Recall that in order to add two matrices they had to be the same size. Unfortunately this
is not the condition for multiplication. To be able to multiply a matrix A on the right by a

114
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matrix B!, we must have that the inner matrix dimensions are equal. That is, we require
that A € R™*P and B € RP*"™, Where m, n, and p do not have to be the same, but they
could. Thus we could multiply the following

e AB or BA with {A, B} € R3*3;
e AB with A € R3*3 and B € R**%;
o AB with A € R?*3 and B € R3*4,

Two general ways to do multiplication exist. Each has computational advantages in different
situations. They give the same answer they are just different ways to group the solution.

12.2.1 Inner Product

A full study of the inner product is beyond the scope of this work, but interested students
are referred to texts on Hilbert Spaces?. An inner product of two vectors of size n® a and b
is given by (a,b) = a®b = >"""_,(a;b;). Thus it is the sum of the product of corresponding
elements in the vectors.

Example:
a=[1 2 3"  b=[4 5 6"

Note that I have defined the vectors in the transposed form to save space. The
transpose just means

1 ﬂTz[ﬂ. (12.3)

Then the inner product of ¢ and b is

4
(a,by = [1 2 3} 5
6

= 1x44+2x54+3%x6

= 32

Now try it in ScilLab. First define a and b by

-=> a=[1;2;3];
-=> b=[4;5;6];

IMultiplying a matrix A on the right by a matrix B means AB, left multiplication by B would be BA.
In matrices it is not true in general that AB = BA, or even that one can be calculated even if the other
exists. This will make more sense in a few seconds.

2Hilbert Spaces are spaces with a defined inner product. They play an important role in control systems
theory

3A vector of size n is the same as saying the vector is in R™.
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Note that I ended each line with a “;”, which tells ScilLab to suppress its responses. This
is vital when using the programming mode or SciLab will scroll out lots of unneeded info.
With the vectors described we just need to take the inner product. To do this we use the
a™b form, which is written

-_> a) *b

The prime(’) does the transpose () and the multiply then does the inner product.
With vector inner products down we can consider two matrices, A € R**? and B € R?*X3,

ail aiz2

A= |a21 az2 B_ big bi2 bigs
as; asp b1 bao bogs
Q4,1  A4,2

We will consider partitioning the matrices into vectors that can be multiplied. We define
e The first row of A to be a1 = [am aLQ].
e The second row of A to be ay = [ag’l ag’g].
e The third row of A to be a3z = [a371 (13,2].

e The fourth row of A to be a4 = [a4’1 a4,2].
e The first column of B to be by = [by1 b271]T.

e The second column of B to be by = [6172 b272]T.

e The third column of B to be b3 = [bl,g 6273}T
then
ai
_ |02 _
A=, B=1[by by bs] (12.4)
ay4
and so the product
oy
AB = "\ [b by b3
as
[£2%

fa1b1  aiby  a1bs
asby  aszby  azbs
asby aszba azbs
_a4b1 ashy  asbs

_Zzzl a1,:b;1 Zzzl a1,:b;.2 Zzzl a1,:b; 3
Zézl a2,;b; 1 Zézl az, ;b2 Zézl az,;b; 3
Eézl as,ibi 1 Eézl a3,ib; 2 Zézl as,ib; 3
L sy aaibin D g aaibia D asibis
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By hand the easiest way to do this is to line up the two matrices to multiply as follows

bl,1 b1,2 b1,3
_b2,1 52,2 b2,3_
ai,1  a12 1 1 [
a1 @G22 1 1 [
azi1 a2 1 1 [
aq1 Qa2 |1 [ [

Then calculate each component by lining up the row and column and multiplying the cor-
responding terms in them.

bii bia bigs
bai baa bag3

ain arz| |a1ibig +aizbar —

az21 02,2 1 1
a31  G3.2 1 1
(4,1 Q4.2 L] L1

The second element is

bia bia big3]
bai bao bag3
ajn arz| [a11bi1 +aieban :]_
a1 ag2| |a21bi1 +az2be1 —
as;1 as?2 1 1 1
aq;1 44,2 1 1 [
The third element is
bii bia big3]

ba1 b2 bag3]
ain arz| |a1abin +aigbar — —
a1 agz2| |a21bi1+az2b1 —
as;1 asz| |a31bii+az2b1 /)
a4,1 Q4.2 ] [

The fourth element is

bii bia bigs
ba1 b2 bag3]
ain arz| [a11bi1 +aieban
a1 a22| |a21b11+az2b21 —
as;1 asz2| |as1bi1+az2be1
ag1 ag2]| [a41b11 +ag2bay

Then repeat the process till every box is filled.
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12.3 Matrix Classification

12.3.1 Basic Properties

Property Meaning

Diagonal Ay =0¥i # 3
Lower Triangular Ay =0Vi<j
Upper Triangular A =0Vi > j
Tridiagonal A =0V)i —j| <1
Pentediagonal A =0V]i—j| <3
Lower Hessenberg Ay =0Vi+1>j
Upper Hessenberg Ay =0Vi>j+1

Symmetric A=AT
Normal AAH = AH A
Idempotent A=A
Orthogonal A1 = AT
Unitary Al = A"

Positive Definite (A > 0) 2" Az > 0Vz € C"

12.3.2 Definite
Positive Definite

A matrix, A € C"*" is defined as positive definite if Yz € C", 27 Az > 0. Usually we
further restrict this to symmetric matrices, as they are what comes up in practice and they
are easier to handle (more algorithms, easier proofs, etc.), but they are not the only matrices
which fit the definition®.

Positive definite matrices are non-singular, and thus invertible. In some sense they are
the nicest matrices to work with.

Theorem 2 Let A be any symmetric positive definite matriz of size n, with smallest singular
value o,,. Let g1 and qs be two orthonormal n-vectors and 1 > a > 0 be a scalar. The matrix
A+ nao,qigt! is non-symmetric positive definite.

Proof:

Let @ be an orthogonal matrix with the first two columns ¢; and ¢o respectively. @ forms
a basis for the n-vectors, so Vy € C*"dz € C*, y = Qz. Since @ is unitary it is invertible,
so it is 1-1 and onto, thus every x has a unique y and vice versa. Let the singular value
decomposition of A be USUH. Now consider

vy (A +nao,qigd)y = y? Ay +nao,y" qgdly (12.5)
= 2HQHAQx + naaanQququQx (12.6)

= 2HQRUSU Qz + nac,z122 (12.7)

tAVESV 2 + nac,x120 (12.8)

41t is worth noting that there are non-symmetric positive definite matrices. I have never seen anyone
categorize how to create one, so I decided to do it in Theorem 2 on page 118.
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for V.= UMQ. Note that VEXV must be symmetric positive definite, thus 27 VHLVz >
|z||30,. If 21 or x5 are zero then it is trivial that 2 VEX Ve + nao,z129 > 0, so it only
remains to prove positive definiteness when both are not zero. That means

v (A +nao,qigy > ||z|30n + nao,xia, (12.9)
> nlz|% o, +nac,riTs (12.10)
> n|rixs|o, + nac,xi1xs (12.11)
Now factor this expression as follows
n|xi||xz|on + naopzize = nl|z||ze|o, + naoy |z ||ze|sign(zzs) (12.12)
= (14 asign(ziz2))n|z1||z2|0m. (12.13)

Trivially, n|a||ze|o, > 0, and 14+asign(ziza) > 0, so n|z1||z2|on +nac,z122 > 0 and thus
we have y (A + nao,q1¢i’)y > 0. Since this holds for all y, we have that A + nao,qiq¢d! is
positive definite. The non-symmetry is a direct result of the structure.

¢ SDG &



Appendix A

Using SciLab

A.1 Basics

When you first start SciLab you will see something like

scilab-2.7.2
Copyright (C) 1989-2003 INRIA/ENPC

Startup execution:
loading initial environment

-—>

The arrow ”——>" is the command prompt. ScilLab, like MatLab is a command line interface
to a mathematics programming environment. To get started lets do a calculation.

3+(2+5%4) /11
SciLab performs the calculation and displays the answer.

ans =

5.
Now lets define a simple variable.
a=2

SciLab responds with

120
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2.

Notice anything similar? The response is almost the same but ”ans” has been replaced
by the variable name "a”. In fact it is even more similar than that. When no assignment
("name=") is given, SciLab automatically assigns the result to the variable ”ans”. Try using
it.

axans

SciLab will tell you that "ans” is now 10. Lets move on and define a matrix. Type the
following

A=[1,2;3,4;5,6]

and press enter. Commas are used to separate elements and semicolons are used to separate
rows. Note that you could also have entered ” A” using the alternate notation

A=[[1 21;[3 4]1;[5 611

or even (command prompt shown so you won’t think something is wrong when it automat-
ically appears, also you do not need to space over like I do to enter the numbers, I just find
it easier to read)

--> A=[[1 2]
- [3 4]
- [5 6]1]

Thus spaces work like commas and returns work like semicolons. In any case, SciLab should
respond by showing you that it has created the matrix variable as follows

A =

! 1.
!

! 5.

o BN

The variable ”A” is now defined and can be used. For instance we might want to define
”"B” to be ”A4+A”. Do this by typing

B=A+A
SciLab will add the matrices and define ”B” to be the result, showing you the answer.

B =
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This mode is useful for doing simple calculations and testing output. We will refer to it
as the interactive mode. Since Scilab has an interactive mode that is command driven, it
is reasonable to assume it would have a programming interface (we will refer to it as the
programming mode). I will show the use of programming mode later.

A.2 Scilab and Matlab Programming

Scilab is a Matlab look alike. We will use Scilab as it is free and open source, but it is useful
to also know about Matlab.

A.2.1 Matlab

There are two basic ways to interact with Matlab: command line execution, and M-files.
Yes there are others such as MEX-files, Simulink, and several interfacing programs, but
they are not relevant to us. We will primarily be concerned with the use of M-files, because
they are the most helpful. Command line execution is really just for quick operations and
checking of segments of code. Matlab syntax is a high level programming language that
interacts with a series of numerical libraries (most notably LinPack, EisPack, and BLAS).
Like most programming languages we have two types of programs that can be written.
A regular program, which is written as you would type commands on the command line,
is the most basic type and is often the way you will start homework problems and other
projects. Functions, which are sub-programs called by another program (even recursively
by other functions), are probably the most useful, as they allow you to extend the language
by defining new operations. One of the main goals of this class is for you to walk away
with a library of Matlab functions that you can use to do a variety of tasks. So how do you
specify which you want? You will get a regular program unless you start the M-file with
the command function. The syntax is

function a=name(x,y,..., z)

or

function [a,b,...,c]=name(x,y,..., z)

The second form returns multiple values. Matlab gives us several command structures
also: for, while, and if-elseif-else. To see how these work let’s use the programs I passed out
last time as an example.

Homework: Convert the Fortran program in 3.1 into Matlab syntax. Do problems 9, 13,
14 from section 3.1
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Laplace Transform

We will concentrate on the Laplace transform as the Fourier transform is a special case
where s = jw (note: I am an engineer so I use j = v/—1 instead of ¢ and ¢ is current). The
two sided Laplace transform is defined by the integral transform

F(s) = / f(t)e stat.
The one sided Laplace transform is defined by the integral transform

Fls) = /O T et

Both have their reasons, but the one-sided transform is usually the one which is used. It
has advantages of handling initial conditions, and some more subtle areas too detailed to
go into right now. One key area to consider is the convergence of the integral. Does the
integral even exist? For instance what if f(f) = 1 and s = 07 In this case we have the
integral of 1 over an infinite length, and the integral does not converge (exist). In general s
is restricted to the values in the complex plane, which will allow convergence. The question
may arise as to the utility of the Laplace transform. Its main utility is in the ease of use,
and the way it simplifies problems. Lets find some Laplace transform properties and then
we will find some transform pairs and finally we will see how to use the Laplace transform
on practical problems.

B.0.2 Properties

F(s) = /000 f(t)e stdt
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derivatives

!
=
V)
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1

/ ) f(t) e *tdt
0

(e + s / " f(t)etdt
SF(s) — £(0)

Convolution



Appendix C

Convolution

Transform techniques covers a wide variety of mathematical methods. Probably the most
used are the Laplace transform, the Fourier transforms, and the Z-transform. To really cover
these well I need to describe convolution, which is a fundamental operation many people
have not heard of before. Convolution is probably best known as polynomial multiplication,
but its application is far broader than this one case. Convolution describes how a system
h(t) responds to an input g(t), to yield an output h(t) * g(t). This is very general as the
system could be air with smog or dust, and the input some pattern of light (picture), which
then produces an output (a blurred picture). Without getting caught up on the beauty and
usefulness of this we will look at a simple example.

C(x)

A(zx) * B(x)

(52 — T2 4+ 62 + 4)(22% — z + 3)

(5-2)2° + (5 (=1) + (=7)-2)z* + (5-3+ (=7) - (=1) + 6 - 2)a>
+((=7)-34+6-(=1)+4-2)2* +(6-3+4-(=1))z+(4-3)

= (10)z° + (=5 — 14)z* + (15 + 7+ 12)2% + (=21 — 6 4+ 8)z + (18 — 4)z + (12)

= 102° — 192" + 3423 — 1922 + 14z + 12

Alternately we could describe this in vector notation as A = [5 -7 6 4} and B =
[2 -1 3]. Convolution then corresponds to flipping one of the two vectors (it doesn’t
matter which) and then shifting one relative to the other. At each shift we multiply the
overlapping terms and sum. Blank terms are equal to zero!. Each shift, k, gives us one of
the coeflicients, ¢;. Note that k is the distance from the zero elements. An example is best.
B 2 -1 3
Al4d4 6 5
C6 ‘ 0 0 0 0 0 0 O

EN|

IThis is just noting that you can express any missing monomial power, =P as 0 - P, and thus add it to
the polynomial expansion, yielding a ‘0’ in the vector.
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This tells us that the 2% term does not appear in the product. To see that this is the
k = 6 term note that it take 6 hops to go from the 4 in A to the 3 in B. Doing this for the
(44-3-1) shifts (number of coefficients in both vectors minus one) we find the following.

B 2 -1 3

Al4 6 -7 5 cs =10
cs |0 0 0 10 0 O

B 2 -1 3

Al4 6 -7 5 cy=—19
cs |0 0 -14 -5 0

B 2 -1 3

Al4 6 -7 5 c3 =34

Bl2 -1 3

Al4 6 -7 5 co = —19
|8 6 -21 15

Bl2 -1 3

A 4 6 -7 5 e =14
a0 4 18 0 0

Bl2 -1 3

A 4 6 -7 5 =12

c|0 0 12 0 0 O

Trivially you can see this is the same as we found on the polynomial technique.

Now we consider the fast way to do this. Note that most people would never consider
doing this, but for large problems it involves a lot less work. We will consider the algorithm
for equal length vectors A and B, which can be achieved by zero padding the smaller.
Assume the length (number of coefficients) is n.

1. Evaluate A(x) and B(x) at 2n points, ;.
2. Calculate C(z;) = A(x;)B(z;).
3. Evaluate D(z) = 2" O(x;)a" at 2n points, zj.

D(zk)

4. Calculate ¢, = 5

The evaluation steps must be done in O(nlog(n)) steps, which we will do by a divide and
conquer method, namely we find that A(z) = Acyen(2?) + 2A45q4(2%). We now pick our
z = en ¥ where j = v/—1. Note I am an engineer and we don’t use i for the imaginary
number because 7 is current. Let’s do the algorithm for our test problem.
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First, we find A(z;) and B(x;), noting that n =4, so z; = ek and

X o= [0 H1 o2 oS o oS 0 (4]

0 GIF I IF3 i GImdm  SEgw e%3+j7‘r:|

= {1 T e T 1 et —eF —eﬁTﬂ}
and thus
X2 — [12 T2 2 e]i"2 (_1)2 (_e%)2 (_e%")Q (_eﬁT")ﬂ

Notice that the first half of X2 is identical to the second half, so only one must be calculated.
This observation is needed to obtain the O(nlog(n)) complexity. I will use “.*” to mean
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array (element by element) multiplication. So A(X) is
AX) = (BX3—T7X%24+6X +4)
= (=7X?+4)+ X. % (5X*+6)

[ 4—Tx1 ] 1 [ 6+5x%1
4T’ BTH 64+ 5%es
4—-7(-1) e 645 (—1
4-7(—e%) et 6+5%*(—e
4—-Tx1 -1 |- 64+5x1
4 Te’T e 6+5%es

7(-1) —e's 6+ 5% (—

_4 - 7(*6%)_ —e'T (645 (—e

- - r 11 - -
2

3
a\/

2)

N\E J:

6+ 57

r -3 7] 11
417§ 6T + 5e’T
11 J
4475 6e’T + 5eT
-3 ~11
475 —6eT — Be’T
—J
[4+77] —6e’T — 56%_
N -
4-7j+6eT +5e'T
1145
4475 + 66T + 5e’T
—14
4—7j—6eT —be'T
11—
447 — 6’5 —Be7 |
- < -
A+ 5+ (5 -7
11+
L e R S RV
—14 ’
7B+
11—
45 (s -7

4 —




and B(X) is

2X2_ X +3

(2X2 +3) + X. % (0X2 + 1)

S -1
e%r 6%
-1 e’s
T e

2 1 +3— 1
e 2 —e 1
-1 T
fus j3m
_—62_ l—e %

— 5 - r }7( .
2j+3 et
1 J

—2j+3| | e
5 -1

25 +3 —eT
L]

—2j+3 _etE

i 4

1 1 .
(3-75)+ (2~ )
1—j
1 1
(3+75) —(2+3)
6

1 1 .
(3+ 2)+(2+ 2);
1+
1 1
(53 ()
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We then calculate C'(X) by multiplying the corresponding elements in A(X) and B(X). I
got bored and wrote a program to do this. The result is

C(X)

A(X).* B(X)
’ 2 ]
9.7867966 + 7.8700577j

12 — 105
52.213203 + 45.870058;
—84
52.213203 — 45.870058;j
12+ 105

19.7867966 — 7.8700577} |
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We then calculate D(X) = 3270 C(X); X'

o
0
10
D(X) 19
2n 34
—19
14
L 12 .

You can see the coefficients in order. Compare with the results obtained in the beginning
of the chapter. While this is slow and tedious for people, it is very fast for a machine, which
excels at such mundane calculations.



Appendix D

Removing Distortion From MR
Images

D.1 Fitting a Plane

The equation of a 2 dimensional plane in 3 dimensional space is

Az +By+Cz+D = 0
Al |z
Bl |lyl+D = 0.
C| |z

To fit this to a bunch of data we need to separate out one of the dimensions that we know
is not orthogonal (or near orthogonal) to the normal from the plane. If you don’t do this,
then the system has the degenerate solution A= B=C =D =0.

Cz = —Axr—By—-D
_ A _B D

° T otV
= ar+by+d
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Now we proceed by noting that we want to fit the plane to a bunch of points (x;, ¥, 2;) so
we have one equation for each unknown.

zO axo + by +d
.1 _ ar1+byy +d

' Eaxn—l + byn—l + d

Zn—1 -
[ 2o Yo

zg yo 1f|¢

= . b

d

Tn—-1 Yn-1 1

This equation can easily be solved for the values a, b, and d using LU, QR, SVD, or your
favorite technique.
The norm, N, is then

___a

Vitar+p?
= | THa7+02
L V1+a2+b2

For a point, p, the equation of the plane is thus

4
([l
pIN = d.

PN =

D.2 Moving a Plane

Let a fitted plane be defined by
pIN = d.

To move a plane a distance h in the direction of the normal vector we have in essence, that
each point (P;) is moved by AN to a new point (Ps).

P, = P +hN (D.1)
Also the new, shifted plane must have the same normal (or it wouldn’t be parallel).

PIN = dy (D.2)
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Using both Eq D.1 and Eq D.2 we obtain

dy = PIN

= PI'N+hNTN

= di+h

d
———th
V1+aZ+b?

D.3 Undistorted Data

For an acquired point (z, y, z) with a corresponding undistorted point (z, g, Z) we shall
assume that the plane is essentially in the x,y plane, hence we will let z = ¥ and y = § be
the grid for the plane. Using this and the equation of the plane from above can be used to
find Zz.

Z = ar+by+d
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Algebraic Reconstruction
Technique

E.1 Problem Setup

We will assume we want to reconstruct the contents, f; for ¢ the grid number of the region
under consideration, see Fig. E.1. We will do this by sending a particle! numbered k for
ke€{1,2,--- ,n}, through the region and measuring their energy loss, E}, entry angle, 01 j,
and exit angle, 03 ;. From the angles we calculate the most likely path (MLP). Note the
MLP requires knowledge of the contents of the region, a “cathch-22” situation. We will
overcome this by iterating, i.e.: assume a uniform contents, calculate the next iteration,
then redo until it converges. Let’s consider the trajectory of a particle.

In Fig. E.1, we see the first particle’s trajectory, which defines the first equation to be
solved. Any square entered, even a little, by the particle will receive a weight of 1, otherwise
the weight is 0. We will eventually make the weight proportional to the length of the
trajectory in the square, but this makes the result easier to calculate now. The equation is

fo+ fe + fiz + fis + fio + foo + fos + for + fazs + faa + fas = Ej.

Now consider the second particle’s trajectory given in Fig. E.2. The equation of this
particle is

Jo+t fitfotfs+ fot+ fis+ fie + foo + fos + foo + f35 = Eo.
This is repeated for each particle, with the result in matrix notation, given by

WF = FE

I This can also be done with waves, but the extension is trivial. My current research involves particles so
I will use this case in the write-up.
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E.1

PROBLEM SETUP

\g 1 2131|445
6\\ 7 s | 9 | 10 11
12 N13 | 14 | 15 | 16 | 17
18 | 19N 20 | 21 | 22 | 23
24 | 25 | 26\ 27 | 28 | 29
30 | 31 | 32 | 33 \\EZ\\\\ga\\

Figure E.1: Trajectory of first particle.
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12 13 14 15 16 17

18 19 20 21 22 23

24 25 26 27 28 \29

30 31 32 33 34 ?}K\
\

Figure E.2: Trajectory of second particle.
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where

— =
= O
= O
o O
o O
o o
o O
= O
o o
— =

Jo
h

fis)

(B,
Es

E,

This could be solved for by any inversion technique but for large, sparse matrices this is
usually solved for by iterative techniques, such as ART or SART.

E.2 Algebraic Reconstruction Technique

xelement(k + 1) = xelement(k) + AprojecmozelementrpTwethn(k) (E]')
projection,*
no of cols
Arow,* = Z Arow,col (EZ)
col=1
no of cols

Trow(k) = brow — Z Arow, col) o (k) (E.3)

col=1

(E.4)

Note that I wrote the first line using the names projection and element, but 1 used row
and col on succeeding lines. This is because we update one projection at a time, but the
projections are the rows of the A matrix so I wanted both the concepts to come across. Given
name scoping rules, which I presume are familiar to the reader, I felt this was understandable.
I would not recommend using straight ART, as SART has better convergence properties. I
included it for completeness.
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E.3 Simultaneous Algebraic Reconstruction Technique

no of rows
w A

row,elementTrow (k
xelement(k + 1) = zelement(k) + A : lA t ( ) (E5)
*,element row—1 row,*
no of rows
A*ﬁlement = Z Arow,element (EG)
row=1
no of cols
Araw,* = Z Araw,col (E7)
col=1
no of cols
Trow(k) = brow — Z Arow, col) o (k) (E.8)
col=1
w e 0,2 (E.9)

For the basic version of SART w = 1, though this relaxation parameter can be chosen to
speed convergence. Note that these calculations can be done efficiently in sparse matrix
formulation, which is usually the case.

E.4 Bundled Ordered Reconstruction of Images on Nu-
merical GPGPU

Divide the x and b such that they are as non-overlapping as possible, this sets a blocking
on the A matrix. The result is a series of problems, say indexed by 4, such that A; jz; = b;.
Note that due to sparsity and the mostly non-overlapping ordering, we have a correllation
between 7 and j, alternately said the x; are not necessarily independent, but they are close
(similar for b;). We then send each of these problems to a separate machine or gpgpu and do
sub-rounds on each of the sub-problems, then after so many sub-iterations, we can update
each other (either rotating/passing, partially, or fully) only with the portion of the data
being worked on x;. The result should converge to the actual solution. Bundles could
even be split again into sub-bundles (same process) to handle clusters with multiple gpgpus.
Should be very fast and is well tuned to the hardware.
Potential Issues:

1. Finding bundles so there is

a) some overlap (good updates),

b
(¢

(d) each bundle is not slow

(
(b) not too much overlap (data transfer)

each bundle is not ill-conditioned

)
)
)
)
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2. Proof of convergence (reasonable given contraction mappings)

(a) possibility of ill conditioned bundles above

(b) possibility of updates causing instability by exciting one mode.

3. Does the image look good? (graininess, blurriness, etc.)
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